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Abstract 

We study Landau-Ginzburg models for numerically effective complete intersections in toric mani- 
folds. These mirror models are partial compactifications of families of Laurent polynomials. We show 
a mirror statement saying that the quantum O-module of the ambient part of the cohomology of 
the submanifold is isomorphic to a certain intersection cohomology O-module and we deduce Hodge 
properties of these differential systems. 

n 



Contents 

1 Introduction [l| 

2 Intersection Cohomology of Lefschetz fibrations 

2.1 Preliminaries 

2.2 Gaufi-Manin systems, hypergeometric 23-modules and the Radon transformation 

2.3 Intersection cohomology 2?- modules 

2.4 The equivariant setting |l2| 

3 Fourier transformation and lattices lisl 



3.1 Localized Fourier-Laplace Transform 

3.2 Tameness and Lattices 



4 Quantum cohomology of toric complete intersections [2 



4.1 Twisted and reduced quantum I^-modules 

4.2 Toric geometry of complete intersection sub varieties 



2i 



5 Euler-Koszul homology and duality of GKZ-systems 

6 Mirror correspondences 



1 Introduction 

The aim of this paper is the construction of a mirror model for complete intersections in smooth toric 
varieties. We consider the case where these subvarieties have a numerically effective anticanonical bun- 
dle, this includes Fano (sub-)manifolds as well as the most prominent and classical example of mirror 
symmetry, namely, that of Calabi-Yau hypersurfaces in toric Fano manifolds (and, in particular, the case 
of the famous quintic threefold in P"^). Our mirror will be a Landau-Ginzburg model, which occur in two 
versions, called ajfine resp. non-affine. The former is a family of Laurent polynomials, constructed in a 
rather straighforward manner from the combinatorial toric data. The latter consists in a certain partial 
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compactification of this family of Laurent polynomials. It is by-now well-known that a smooth complete 
intersection (which is usually given as the zero locus of a generic section of a vector bundle) gives rise to 
at least two kind of quantum cohomology theories: On the one hand, one may define so-called twisted 
Gromov- Witten invariants, basically, these are integrals over moduli spaces of stable maps of pull-backs 
of cohomology classes on the variety and of certain characteristic classes derived from the vector bundle. 
On the other hand, one can construct from these twisted invariants the quantum cohomology on the am- 
bient cohomology of the subvariety, that is, on those classes which are induced from cohomology classes 
of the ambient variety. Our main result (Theorem 16. 8p states that the so-called quantum 'D-modules 
(these are vector bundles with integrable connections which basically are equivalent to the various quan- 
tum products) can be derived from the Laudau-Ginzburg models. More precisely, the twisted quantum 
IJ-module is obtained as the GauB-Manin system of the corresponding affine Landau- Ginzburg model, 
whereas the ambient quantum I?-module can be reconstructed from the non-afhne one. However, the 
latter model is a projective morphism from a usually singular quasi-projective variety (which is a par- 
tial compactification of the torus on which the family of Laurent polynomials is defined). Hence the 
Gaufi-Manin system of the non-affine model is difficult to access and we rather study the direct image 
of the intersection complex of the quasi-projective variety. One of the main points in the paper is that 
both the GauB-Manin system and the intersection I'-module admit hypergeometric descriptions, that 
is, they can be derived from so-called GKZ-systems (as defined and studied by Gclfand', Kapranov and 
Zelevinsky). Notice that the intersection complex underlies a pure Hodge module, and this property 
is preserved under proper direct images. From this we deduce a Hodge-type property of the reduced 
quantum P- module (see Corollarv l6.9p . However, it is not itself a Hodge module, as in general it acquires 
irregular singularities (this can not happen for Hodge structures resp. Hodge modules due to Schmid's 
theorem). Rather, it is part of a non-commutative Hodge (ncHodge) structure due to a key result by 
Sabbah ( |Sab08p . We cannot yet conclude that it underlies itself a ncHodge-structure fConiecture l6.10p . 
this would follow from a precise description of the Hodge filtration on the intersection cohomology V- 
module which is not available for the moment. We plan to discuss these issues in a subsequent paper. 
It is clear that a thorough understanding of Hodge properties of the differential systems involved in the 
mirror correspondence will be of importance for future studies on Landau-Ginzburg models. 
Let us give a short overview on the paper: In section[2]we discuss generic families of Laurent polynomials 
defined by an integer matrix with maximal rank. We also define a natural partial compactification of 
such a family. As mentioned above, it is a projective morphism from a singular space. The construction 
of this space is rather canonical, it is obtained as the family of hyperplane sections of a projective variety 
which is toric in a generalized sense, i.e., not necessarily normal. We study the GauB-Manin system of the 
uncompactified family, which admits a hypergeometric description due to a central result from |Reil2| . 
From this we can deduce that the direct image of the intersection complex of the space of hyperplane 
sections is isomorphic to the image of a morphism between two GKZ-systems. 

Section [3] introduces the partial localized Fourier transformation. As a consequence of the results of sec- 
tion [21 we can identify the Fourier transformed GauB-Manin and GKZ-systems. Similarly, we describe 
the Fourier transformation of the intersection cohomology 2?-module derived from the compactified fam- 
ily. Then we study natural lattices in these Fourier transformed modules, and show some finiteness 
properties. Here is substantial difference to our earlier paper |RS10j . as we have to study a certain inter- 
mediate compactification of the family of Laurent polynomials which is defined on the spectrum of the 
toric ring defined by the columns of the initial matrix. This variety has a logarithmic structure (in the 
sense of log geometry), and the good lattice is given by a log twisted de Rham complex. Nevertheless, 
it still has a nice description using hypergeometric equations, and this allows us to obtain the necessary 
finiteness result, when we restrict our families to a Zariski open set of the parameter space on which 
the fibres have sufficiently good properties at infinity. More precisely, we require that the only possible 
extra singularities at infinity are those already contained in the intermediate compactification given by 
the (extension of the family to the) toric ring. This is also different to the situation in [RSIO] where we 
had to exclude any singularity at infinity. Let us notice that the assumptions in sections [2] and [3] are 
rather weak, in particular, we do not suppose that the initial matrix is defined by a toric variety (and, in 
particular, there is no nefness assumption here). Hence these results may also serve for further studies 
on Landau-Ginzburg models for not necessarily nef varieties (see, e.g., jGKR12| ). 

Section 2] is a remainder on notions from quantum cohomology for complete intersections in smooth 
projective varieties and of the combinatorial description of them for the case of a toric ambient variety. 
Although most of the material of this section can be found in the literatur (e.g., in |MM11| ) we include 
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it for the convenience of the reader. Heuristically, the situation of sections [5] and [3] is speciahzed from 
here on to the case where the initial matrix (i.e., the one defining the family of Laurent polynomials 
etc.) is given by the primitive integral generators of the fan of the total space of a bundle over our toric 
variety. The complete intersection subvariety we are interested in then appears a the zero locus of a 
generic section of the dual of that bundle. 

Section [5] starts with a purely combinatorial result about the semigroups occuring in the situation de- 
scribed in section|4l We show that the corresponding semigroup ring is normal and Gorenstein. The proof 
here is considerably more involved than that of a related result in |RS10| . due to the non-compactness 
of the underlying toric variety (which is the total space of the bundle alluded to above). By using the 
machinery of Euler-Koszul complexes, we obtain a duality result for the GKZ-systcms associated to the 
initial matrix, and we also consider a filtered version of this duality theorem. 

In section [51 we describe the actual Landau-Ginzburg model of the complete intersection variety. As 
mentioned above, there are two version, the ajfine and the non-affine one. Both are obtained from 
the generic families considered in sections [2] and |3] by restricting the parameters to the the complexified 
Kahler moduli space of the ambient toric variety. The concrete description of the intersection cohomology 
2?-module of the compactified family as an image of a morphism between GKZ-systems allows us to 
identify it with the hypergeometric description of the reduced quantum-P-module from |MM11| . This 
yields a geometric explanation of the nature of the Quot-ideal appearing in loc.cit., section 4. As a final 
result (theorem 16. 8|) , we obtain two mirror statements which heuristically says that the affine Landau- 
Ginzburg model reconstructs the twisted quantum P-module whereas the non-affine one gives back (via 
the intersection cohomology 2?-modulc) the reduced quantum 2?-module, that is, the ambient part of the 
quantum cohomology of the complete intersection subvariety. We finish the paper by discussing briefly 
the above mentioned Hodge properties of the reduced quantum 2?-module. 

2 Intersection Cohomology of Lefschetz fibrations 

In this section we use the comparison result between Gaufi-Manin systems of Laurent polynomials and 
GKZ-systems from jReil2| to describe the direct image of the intersection complex of a natural compact- 
ification of a generic family of Laurent polynomials. The input data are an integer matrix B of maximal 
rank and the GKZ-system in question will be defined by a certain homogenized matrix B. The main tool 
is the Radon transformation resp. the Fourier transformation for monodromic 2?-modulcs ( |Bry86| ). 
We start by a short remainder on some basic notions from the theory of algebraic 2?-modules. Then we 
discuss Gaufi-Manin systems, GKZ-systems and intersection cohomology 2?-modules associated to the 
above mentioned families. Finally, we show using some facts about quasi- equivariant 2?-modules that 
most of the objects considered here behave well with respect to a natural torus action on the parameter 
space of the families of Laurent polynomials resp. of their compactification. 

2.1 Preliminaries 

We review very briefiy some basic results from the theory of algebraic P-modules, which will be needed 
later. Let X he a. smooth algebraic variety (we only consider algebraic varieties defined over C in the 
paper) of dimension n and Vx be the sheaf of algebraic differential operators on X. We denote by 
M{'Dx) the abelian category of algebraic P^f-modules on X and the abelian subcategory of (regular) 
holonomic 2?A^-niodules by Mh{T>x) (resp. {Mrh{Px))- The full triangulated subcategory in D''{'Dx) 
consisting of objects with (regular) holonomic cohomology is denoted by D^^iVx) (resp. Dlf^{Vx))- 

Let f : X ^ y he a. map between smooth algebraic varieties. Let A4 G D^{'Dx) and TV G D^lVy), 

L L 

then we denote by := Rf^CDy^x ® M) resp. f'^Af := Vx^y O / W the direct resp. inverse 

image for 2?- modules. Notice that the functors /+, /+ preserve (regular) holonomicity (see e.g., [HTTOSi 
Theorem 3.2.3]). We denote by B : Df^iVx) {DUVx))"^^ the holonomic duality functor. Recah 
that for a single holonomic X';t'-module M, the holonomic dual is also a single holonomic X'^'-niodule 
f jHTT08[ Proposition 3.2.1]) and that holonomic duality preserves regular holonomicity ( |IITT08| The- 
orem 6.1.10]). 

For a morphism f : X ^ y between smooth algebraic varieties we additionally define the functors 

/t ;= P o /+ o ID) and D o /+ o B. 
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Let i : Z ^ X he a closed embedding of a smooth subvariety of codimension d and j : U ^ X he the 
open embedding of its complement. This gives rise to the following triangles for M G D^^.^{Vx) 

i+i+M[-d] -^M^ j+:i+M ^ , (1) 
j^j^'M -^M^ i^i''M[d\ ^ . (2) 

The first triangle is jHTTOSi Proposition 1.7.1] and the second triangle follows by dualization. We will 
often use the following base change theorem. 

Theorem 2.1 ( |HTT08l Theorem 1.7.3]). Consider the following cartesian diagram of algebraic varieties 

Z-^W 

a a 

y—^x 

then we have the canonical isomorphism f^g^[d] ~ .9+/'^M']> where d := dimj^ — dim A" and d' := 
dim Z — dim W . 

Remark 2.2. Notice that by symmetry we have also the canonical isomorphism g"*" ~ f^g'^ld'] 
with d := dimW — dim A' and d' := dim 2 — dim 3^. In the former case we say we are doing a base 
change with respect to f , in the latter case with respect to g. 

Remark 2.3. Using the duality functor we get isomorphisms: 

/tg^hd] ^ g\f'\-d'] and f^[^d] ^ f\9'\^d'] . 

In the sequel, we will consider Fourier-Laplace transformations of various 2?-modules. We give a short 
reminder on the definition and basic properties of the Fourier-Laplace transformation. Let X he a smooth 
algebraic variety, [/ be a finite-dimensional complex vector space and U' its dual vector space. Denote 
by S' the trivial vector bundle t : U' x X X and by £ its dual. Write can : [/ x J7' — !> C for the 
canonical morphism defined by can(a, Lp) :~ ^{a). This extends to a function can : f x f — >■ C. 

Definition 2.4. Define C := Os' x^E^ '^'^^ ; ^^'^ *s by definition the free rank one module with differential 
given by the product rule. Denote by pi : £' x x £ ^ £' , P2 : £' x x £ ^ £ the canonical projections. The 
Fourier- Laplace transformation is then defined by 

¥hx{M) := P2+{ptM ®C) Me 

If the base X is a point we will simply write FL. In general, the Fourier-Laplace transformation does not 
preserve regular holonomicity. However, it does preserve regular holonomicity for the derived category 
of complexes of P-modules the cohomology of which are so-called monodromic X'-modules. We will give 
a short reminder on this notion. Let x : C* x f — ;> f be the natural C* action on the fiber U' and let 9 
be a coordinate on C*. We denote the push-forward x*{Odg) as the Euler vector field 2:. 

Definition 2.5. fBrySS^ A regular holonomic Dgi -module Ad is called monodromic, if the Euler field 
€ acts locally finite on T^{fA), i.e. for a local section v of Tif{M.) the set (n e IN), generates a 

finite- dimensional vector space. We denote by D'^g^(T>£i) the derived category of bounded complexes of 
Dc -modules with regular holonomic and monodromic cohomology. 

Theorem 2.6. \Bry86^ 

1. YIjx preserves complexes with monodromic cohomology. 

2. In -D^on(^£') we have 

YhxoYhx^Id and D o FL^- ~ FLa' oID) . 
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3. yijx is t-exact with respect to the natural t-structure on D^^^{'D£i) resp. D^g^{'D£). 

Proof. The above statements are stated in |Bry86[ for constructible monodromic complexes. One has 
to use the Riemann-Hilbert correspondence |Bry86[ Proposition 7.12, Theorem 7.24] to translate the 
statements. So the first statement is Corollaire 6.12, the second statement is Proposition 6.13 and the 
third is Corollaire 7.23 in |Bry86| . □ 

We will make occasionally use of the so-called 7^-modules. More precisely, let M be a smooth algebraic 
variety and consider the product of M with the afhne line Cz where z is a fixed coordinate. Then by 
definition TZc^ x m is the the Oc^ x A/-subalgebra of Pc, x m locally generated hy z^dz and by zdxi i • ■ • i ^^x^ 
where (xi, . . . , x„) are local coordinates on M. Notice that JmIZc^xm — 2?Cjxm, where Jm : C* x M ^ 
Cz X AI is the canonical open embedding. 

We will also consider the Oc^ xM-subalgebra TZ' of TZ which is locally generated by zdx^, ■ ■ ■ , zdx„ only. 
The inclusion TV TZ induces a functor from the category of 7?.-modules to the category of T^'-modules, 
which we denote by Forj,2g^ ("forgetting the 2; -structure"). 

2.2 Gaufi-Manin systems, hypergeometric "D-modules and the Radon trans- 
formation 

In this subsection we adapt some results from jReil2| to our situation. More precisely, for a given 
generic family of Laurent polynomials, we describe the canonical morphism between its Gaufi-Manin- 
systems with compact support and its usual Gaufi-Manin-systems. This mapping can be expressed as 
a morphism between the corresponding GKZ-systems. We will use this result in the next subsection to 
describe certain intersection cohomology modules. 

We start by fixing our initial data and by introducing the GKZ-hypergeometric 2?-modules. Let S be a 
s X integer matrix such that the columns of B, which we denote by (&i, . ■ . , &(), generate Z*. Consider 
the torus S = (C*)* and the t + 1-dimcnsional vector space V (with coordinates Aq, Ai, . . . , At) as well 
as its dual V' (with coordinates fiQ, fii, . . . , fit)- Define the map 

g:S^ F{V') 

(2/i,...,y,)K^(l:y^S...,y^*), (3) 

where y-^ Ilfc^i Vk''' ^'^^ * ^ i^' ■ ■ ■ ^t}. The condition on the columns of the matrix B ensures that 
this is an embedding. If we denote the closure of the image of g in P(F') by X, then X is a (possibly 
non- normal) toric variety in the sense of |GKZ08l Chapter 5] . So we have the following sequence of maps 

S ^X ^ T{V') (4) 
where j is an open embedding and i a closed embedding. 

We will denote the homogeneous coordinates on P(y) by (/ig : . . . : fj,t)- Let Q be the convex hull of the 
elements {bg = 0,bi,. . . ,1)^} in E,'*. Then by |GKZ08[ Chapter 5, Prop 1.9] the projective variety X has 
a natural stratification by torus orbits X^{T), which are in one-to-one correspondence with faces F of 
the polytope Q. The orbit X^(r) is isomorphic to (C*)'^™^'"-' and is specified inside X by the conditions 



fi, = for all 6; ^ P, 
In particular the torus S C X is given by the face P = 

To this setup we associate the following 2?-modules. 
V = Cx,x W. 



fi^^O for all e P . (5) 
Q, i.e. by the equations /i^ ^ for all i G {0, . . . , t}. 
Write ly = C* with coordinates Ai, . . . , At so that 



Definition 2.7 f jCKZQOj . |Ado94| '). Consider a lattice and vectors 61,..., ^t G Z^ Moreover, let 
j3 — (/?!, . . . ,/3s) S C^. Write L for the module of relations among the columns of B. Define 

M"b ■■= Vwl ((□i);eL + (^fe - /?fe)fe=i,...s) , 
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where 

Ek '■= ^21=1 bkiKdxi , 
where h^i is the k-th component of b^. The -module Aig is called a GKZ-system. 

As GKZ-systems are defined on the affine space W ^ we will often work with the Z?vF-niodules of global sec- 
tions := r(W, A4q) rather than with the sheaves themselves, where Dw = C[Ai, . . . , Xt]{dx-^ , . . . , d\^) 
is the Weyl algebra. 

We will also consider a homogenization of the systems above. Let B be the (s + 1) x {t + 1) integer 
matrix with columns fog := (1,0), 6]^ := (1, 6i), . ■ • := (l,^t)- 

Definition 2.8. Consider the hypergeometric system on V ^ C'+^ associated to the vectors 

hoihiT ■ ■ £ and (5 € C"*"^. More explicitly, 2?y/I, where I is the sheaf of left ide- 

als in T>v defined by 

I := VviOiJieL + VviEk - /?fc)fc=o,...,s, 

where 

■■= 91- n d-;^ - n ^l; if ^>o, 

i:li<0 i:li>0 

□l n d^!' - d^I- U d'^. if I<0, 

i:li<0 i:li>0 

Eo := J2l=o^i9\i- 
Let h be the map given by 

h:T^V' (6) 

{yo,...,ys) ^ (y-«,...,y-*) = (yo, yoy-S • ■ • , yoy-') , 

where T = C* x 5 = (C*)'*+^. Notice that the restriction of h to {1} x 5 is exactly the map g from 
formula ([3]), when seen as a map to the affine chart {/xq = 1} C ¥{¥'). 

In the next lemma, we establish a relation between a direct image under this morphism h and the GKZ- 
systems just introduced. As a piece of notation, for any matrix C, we write KC for the semi-group 
generated by the columns of C. 

Lemma 2.9. There exists a Sg £ TNB such that we have an isomorphism 

a : FL(/i+Ot) ^ (7) 

for every /S E + (R_|-_B H 'Zi'^^^). Furthermore, we have a dual isomorphism 

a"" : FLikfOr) ^ M~^' (8) 

for every /?' G (11+5)° fl For every j5,f3' as above, the diagram below commutes up to a non-zero 

constant 



FLih^Or) ^ FL(/i+Ot) , 

where the lower horizontal morphism is induced by the natural morphism H^Ot H-^^Ot- 
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Proof. By |SW09[ Corollary 3.7] we have the isomorphism FL{h+{OT-y^ j) — for every j3 ^ sRes{B) 

where sRes{B) is the set of so-called strongly resonant parameters f jSW09[ Definition 3.4]). Here Ox-y^ 
is again the free rank one module with differential given by the product rule. Using |Reil2[ Lemma 1.16], 
which says that there exists an 5^ £ Mi? such that + (R+B n Z*+^) n sRes{B) = and the fact that 
Ot — Ot ■ y'' for every 7 G Z''*+^, the first statement follows. The second statement follows from taking 
the holonomic dual of ([7]), namely, we put 

a"" := Ba : BM^~ -^BFLih+Or) ^ FL(D/i+C't) ^ FLih^Or) 
and then we conclude by applying |Reil2i Proposition 1.23]. 

Jo' 

The last statement follows from the fact that the only non-zero morphism between Ai ~ and M ~ is 
right multiplication d^^^ up to a non-zero constant (cf. [Reil2[ Proposition 1.24]). 

□ 

We will denote by Z C x V the universal hyperplane given by Z := {X]i=o ~ ^} ^^'^ 

U := (P(F') X V)\ Z its complement. Consider the following diagram 




We will use in the sequel several variants of the so-called Radon transformation. These are functors from 
D'rhiT^nv'}) to D'^i^iVv) given by 

n{M) := 7rf_|_ (Trf )+A/ ~ 712+ iz+ iz M 
n°{M) := 7r2^+ (^f )+A/ - tt^+Ju+J^M, 

TZcstiM) :=7r2+ (^i)+M, 

The adjunction triangle corresponding to the open embedding jjj and the closed embedding iz gives rise 
to the following triangles of Radon transformations. 

n[-i]{M) UcstiM) n°{M) ^ , (9) 

KiM) UcstiM) — > n[l]iM) ^ , (10) 
where the second triangle is dual to the first. 

We can now introduce the generic family of Laurent polynomials mentioned at the beginning of this 
subsection. It is defined by the columns of the matrix B, more precisely, we put 

ipB-.SxW — >V = Cx„xW (11) 
t 

{yi,...,ys,Xi,...,Xt) i-> (-^ Ajy-', Ai, . . . , At) . 

The following theorem of jReil2| constructs a morphism between the GauB-Manin system 'H'^{fB,+Osxw) 
resp. the its proper version T-C^ifB^^Osxw) and certain GKZ-hypergeometric systems. For this we apply 
the triangle ^ to M = g^Os and the triangle PH]) to M = g+Os, which gives us the result. 
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Theorem 2.10. \ReilS[ lemma 1.16, theorem 2.7] There exists an 5^ G Mi? such that for every (i £ 
5^ + R+i? n Z^+i and every /?' £ {KB)° = MB n (R+i?)°, the following sequences of Vy -modules are 
exact and dual to each other. 



0^-H\n,st{g^Os)) 



If moreover Mi? is saturated, then the vector Sg can be taken to be ^ Mi?, in particular, the above 
statement holds for /3 = G li"^^ . 

Thus we get the fohowing exact 4-terin sequences which can be connected verticahy by the map rj : 
H°{n{g^Os)) H°{n{g+Os)) induced by the natural morphism g^Os g+Os. Define 9 to be the 
composition K2 o rj o ki. The next resuh gives a concrete description of this morphism. 

H--\S, C) Ov H"(7^(5+Os)) —^^ MJI H-{S, C) ® Oy 

v e 
^ H^+^{S, C) ® Ov ^ n'^iUig^Os)) A^/' i?,"(5, C) ® Oy ^ 

Lemma 2.11. The morphism 9 is induced by right multiplication with d^^^ up to a non-zero constant. 

Proof. Once we can prove that K2 o rj o ki is not equal to zero we apply a rigidity result of jReil21 
proposition 1.24] which says that the only maps between Mlg^ and is right-multiplication with 
c • d^~^^ for c e C. We only have to show that At2 o 77 o ki becomes an isomorphism after micro- 
localizing with respect to 9° • ■ • 9*. This is sufficient as the microlocalization of the GKZ-systcms ~ 

resp. are not zero for otherwise the sheaves h+Or and Hj^Ot would be supported on the divisor 

{/io • /ii • . . . • /it = 0}, which is obviously wrong. 

It is clear that ki and K2 become isomorphisms after (micro-)localization with respect to do ■ ■ ■ dt because 
these maps have Oy-free kernel and cokernel. It remains to prove that rj is an isomorphism after 
this micro-localization. To prove this we will use a theorem of |DE03j which compares the Radon 
transformation with the Fourier-Laplace transformation for 2?-modules. Consider the following diagram 



n"{n{g^Os)) - — n"{n°{g^Os)) ^ n^ncsdg^Os)) ^ o 



M 



H'^{S,C)^Ov 




8 



where Blo{V') C P(V) x V' is the blow-up of in V and q is the restriction of the projection to the 
first component. Notice that the map h : T ^ V' from formula ^ factors via F'\{0}, that is, we have 
h ~ jo o h, where jo : 1^'\{0} ^ V is the canonical inclusion. 
It follows from |DE031 proposition 1] that wc have the following isomorphism 

n{g+Os) ^ FUp+q+g+Os) (12) 

and its holonomic dual 

n{g^Os) ^ FL{p+q+g^Os) (13) 

where we have used o D = D o 72,, FL oB = D o FL, p+ o D = D o p+ [p is proper) and </+ o D = D o (jf+ 
(q is smooth). Recall that wc want to show that the morphism 

n"{nig^Os))^n'{nig+Os)), 

becomes an isomorphism after localization with respect to d\g ■ ■ ■ . Using the isomorphisms (jl2p and 
((T3)) and the fact that FL is an exact functor and that it exchanges the action of fii and d\- we see that 
it is enough to show that 

n"{p+q+g^Os) n\p+q+g+Os) (14) 

becomes an isomorphism after localization with respect to ■ ■ ■ In other words, we have to show 
that the kernel and the cokernel of the morphism ([Tl)) are supported on {/io • • • =0} C V . Obviously, 
we have {0} C {fio ■ . . . ■ fit = 0} and hence V'\{iJ,o ■ . . . ■ fit = 0} C V^'VIO}. It is thus sufficient 
to show that kernel and cokernel of the restriction of the morphism ((T4| to V^'\{0} are supported on 
{^io • • ■ • • A't = 0}\{0}. Notice that the restriction oi H°{p+q+ g-fOs) resp. H^ip+q+g+Os) to V \ {0} is 
isomorphic to H'^{7r~^g^Os) resp. H'^{Tr~^g+Os)- Thus the kernel and the cokernel of ([Til) arc supported 
on {^0 ■ • • = 0} if only if kernel and cokernel of 

U"{7T+g^Os)-^H"{n+g+Os) 

are supported on {/io • • ■ = 0}\{0}- The map tt is smooth and therefore 7r+ is an exact functor. It is 
therefore enough to show that kernel and cokernel of 

n°{g^Os)^H"{g+Os) 

are supported on {fiQ . . . = 0} C P(V^'). But this follows from the description of the map g, namely, by 
the remark right after equation ([Sj the support of the cone of the morphism g-\Os — > g+Os is contained 
in {/io • ■ -A** = 0}. □ 



2.3 Intersection cohomology D-modules 

As mentioned in the beginning of this section, our aim is to describe a I?y-module derived from the 
intersection complex of a natural compactification of the family of Laurent polynomials as defined 
in formula (fTTj) . This module will actually appear as the Radon transformation of the (2?- module 
corresponding to the) intersection complex of the variety X C V{V'). 

We start by fixing some notations concerning these P-modules. Let V he a smooth variety and U C V 
be a smooth subvariety, and write X for the closure ofU inside V. Denote hy ix ■ X V the inclusion 
of the closure of X in V. Consider the abelian category Perv(7^) of perverse sheaves on V (with respect 
to middle perversity). For a reference about the definition and basic properties of perverse sheaves, 
see }Dim04| . Recall that the simple objects in Perv(7') are the objects {ix)i.IC{X , C) where £ is a an 
irreducible local system on U. We will denote the corresponding P-module on V by 7W^'-^(A', C). If C is 
the constant sheaf we will simply write A4^'-'{X). 

We will apply this formalism to the special situation where U = g{S) (where g is the embedding defined by 
formula ©), X = X andV = V{V'). The module M"^{X) is the image of the morphism g-^Os -> g+Os- 
In the next result, we will compute the Radon transformation of this module. 

Proposition 2.12. In the above situation, we have the following isomorphism of "Dy -modules 

H°7^(X^^(X)) ~ A^^^(X°, £) © Co , 
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WR{M^^ {X)) ~ C, fori^O, 

where X° is some subvariety of V , C some local system on some smooth open subset of X° and the Ci 
are free Oy -modules. 

Proof. Using the comparison isomorphism between the Radon transformation and the Fourier-Laplace 
transformation (equation (|12l) ') from above, we have 

Wn{M^^{X)) ~ W¥l.{p+q+M^^{X)) 
^¥l.W{p+q+M'^{X)) 
^FLWip+M'^'iq-'iX)) 

where the second isomorphism foUows from the exactness of FL and the last isomorphism follows from 
the smoothness of q. We now apply the decomposition theorem jSaiSSl coroUaire 3, equation 0.12] which 
gives 

W{p+M'^{q-'{X))^^M'''{Y^,Cl) (15) 

k 

for some subvarieties YJ! C C*+^ and some local systems £^ on a Zariski open subset of Yfe. Notice that 

j + Wip+M'^'iq-^X)) ^ j + Wip+q+M'^'iX)) 
^ Wij+p+q+M'^iX)) 
:^n'\7r+M'^{X)) 
-n'{M'^{TT-\X)) 

which is equal to for i 7^ and equal to M^'^{Y \ {0}) for i = 0, where Y is the cone of X in V . Thus 
the decomposition from ([T5|) becomes 

H°(p+A^^^(q-i(X)) ^ M'^iY) © So , 



resp. 



W{p+M'''{q-HX))^S. 



where the Si are P-modules with support at 0. We now use the fact that FL is an equivalence of 
categories, i.e. transforms simple object to simple objects and transforms ©-modules with support at 
to free O-modules. But this show the claim. □ 

In the next proposition we show that at a generic point X Q V the Radon transformation TZ{A4^'~^ (X)) 
of A4^'^{X) measures the intersection cohomology of X H i?A, where Hx^ is the hyperplane in P(F') 
corresponding to A. 



Proposition 2.13. Let X be a generic point ofV and denote by i\ : {A} 
the following isomorphism 

itn{M'^{X)) ~ RTiX n Hx, ICxnH,), 

in particular 

W{iln{M^^{x)))~iw+'-^ixnHx) 

Proof. Consider the following diagram where all squares are cartesian 



V its embedding. We have 



P(y') 



XnHx 
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We have 



DRit+niM'''iX))) ~ i{R7rli7rfyzdC{X)[l] 
ilRnlRi^^n^'lC iX)[l] 
^RT:^iHRr]^T:^-IC{X)[l\ 
^RTi^Rv"ix^i-IC{X)[l] 
^Riir" oT^"),{^^ oix)'lC{X)[l] 

R{tt" or]")^IC{X DHx) 
~ RT{X n Hx, IC{X n Hx) , (16) 

where the first isomorphism follows from DRoi+ = i[o DR[t + 1] and DR o (7rf )+ ~ (7rf )' o DR[-t] 
(see e.g. [HTTOSi Theorem 7.1.1]), the second, third and fourth isomorphism follows from base change 
(see e.g. }Dim04[ Theorem 3.2.13(ii)] and the sixth isomorphism follows from |GM83[ Section 5.4.1] 
(notice that their IC{X) is our IC{X)[n] where n = dimc(X)) and the fact that for a generic A the 
hyperplane is transversal to a given Whitney stratification of X. The first claim now follows from 
the fact that the de Rham functor DR is the identity on a point. The second claim follows from 

nj-«+i (X n Hx. ic{x n Hx) ih^ {x nHx). □ 

We will now show that A4^'~'{X°, C) can expressed as an image of a morphism between GKZ-systems. 
Theorem 2.14. Let /?,/?' as in Theorem^MjE then M^^(X°,C) im(M~^' '^-^ M^~). 

B B 

Proof. First recall that we have shown in the proof of proposition l2 . 121 that M^^ {X° , C) ~ FL(A^^'^(F)). 
On the other hand, as Y is the closure in V' of the image of the morphism h, the module AA^'-^{Y) is 
isomorphic to the image of H-^Ot — > h^Or- As the Fourier-Laplace transformation is exact we can 
conclude that M^^{X°,C) 

is isomorphic to the image of FL(fcj O^) FL(fc+C'T). 
By Lemma we know that FL(/i+C'^) is isomorphic to for every f3 e 5^ + {R+B n Z''+^) and 
that FL{h^OT) is isomorphic to for every /?' G {R+B)° n Z'^+i. It follows now from the last 

statement of Lemma [2.91 that the induced morphism between A4^^ and A^- is equal to -d^^^ up to 



some non-zero constant. 

□ 

Denote by JC the kernel of the morphism A4~ — > A4~, then A4 (X° , £) is isomorphic to the quo- 

_ B B 

tient M. IK, in the abelian category of regular holonomic P-modules. The next result gives a concrete 

B 

description of K, 8jS cL submodule oi M~ . 

B 

Define 

Va{M~/){U) {m e X/'(C/) I 3n e M with {d^+^'Y • m 0} C M~^' (U), 
notice that Tq(A4^^ ) is naturally a sub-2?y-module of A4Z^ . 

B B 

Proposition 2.15. Let f3, (3' as in Theorem ] 2. 10\ and let K. be the the kernel of M~ — > A^~. Then 
JC ~ Tq{M~/), in particular M^^(X°,C) ~ M^^' /ToiMl^'). 

B B B 

Proof. Recall that the morphism A^jj — > ~ is induced by the morphism FL{h^OT) FL(/i+C't), 

where we used the isomorphisms A^-*^ — FL{h^OT) and A^~ ~ FL(/i+C't)- Applying the Fourier- 

-g' ■w^+'^' 

Laplace transformation again and using FLoFL = /d, we see that the morphism FL(A4~ ) — > 

B 
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FL{A4 ~) is induced by the morphism h^Ox — > hj^Or- We will calculate the kernel of FL(A1 ~ ) — > 

FL(A1 ~). First notice that the map h can be factorized as h — k ol^ where k is the canonical inclusion 
of (C*)*+-^ — > V and the map I is given by 

l:T — > (C*)*+i 

{yo,...,yr) t-^ (y-o,...,y-') = (yo, • ■ • , 2/oy-') • 

This shows that FL(7W|) ~ k+l+Or is localized along V \ (C*)*+\ i.e. FL(A^|) ~ fc+fc+FL(x|). 
Let Di = {w^^^ ~ 0}, set C/i :— V' \ Di and denote by ji : Ui ^ V the canonical inclusion. Because 
(C*)*+i C Ui, the P-module FL(x|) is also localized along Di, i.e, FL(x|) - ji+j+FL(X|). 

Notice that the induced morphism FL{M^'^ ) — > jj'"FL(Al~) is an isomorphism, because u>^+'^ is 
invertible on Ui. Therefore we can conclude that ji+j^ FL(7W ) — > ji+ji FL(A^ ~) ~ FL(A^ ~) is an 
isomorphism. It is therefore enough to calculate the kernel of FL{A41~^ ) — > ji+j^ FL(A^ -'^ ). But this 
is iJ^^(FL(7W-^')) (cf. jHTTOSi Proposition 1.7.1]) which is given by 

(FL(A^~^')) = {me FL(M~^')(U) I 3n e IN with (w^+^'V • m = 0} . 

^ B B 

Applying the Fourier-Laplace transformation to this kernel shows the claim. □ 
2.4 The equivariant setting 

In this section we show that the P-modules discussed above are quasi-equivariant with respect to a 
natural torus action. We review the definition of an quasi-equivariant 2?-modules from jKasOSi Chapter 
3] and prove some simple statements for these. 

Let X be smooth, complex, quasi-projectivc variety and G be a complex affine algebraic group, which 
acts on X. Denote hy v : G x X ^ X the action of G on A:" and hy p2 G x X X the second 
projection. A V x-vaoAvAe A4 is called quasi-G-equivariant if it satisfies i^+Al 2± p^A^ as Oq ^ T^x- 
modules together with a associate law (cf. [KasOSi Definition 3.1.3]). We denote the abelian category of 
quasi-G-equivariant P^t'-modules by M{'Dx, G) and the subcategories of coherent, holonomic and regular 
holonomic quasi-G-equivariant P3;-modules by McohiT^XjG) resp. Mh{'Dx,G) resp. MrhiT^XjG). The 
corresponding bounded derived categories are denoted by Dl{Vx,G) for * = 0, coh, h, rh. 

A C';t'-module J- is called G-equivariant if v* J- ~ pr* J- as C'cxA'-inodules and if it satisfies an associative 
law (cf. |Kas08[ Definition 3.1.2]). We denote by Mod{Ox, G) the category of G-equivariant 0;f-modules 
and by M odcoh{0 x , G) the subcategory of coherent G-equivariant C';t'-modules. 

Let 3^ be a G-equivariant map. Then the direct image resp. the inverse image functors preserve 

quasi- G-equi variance (cf. [KasOSi Equation (3.4.1), Equation (3.5.2)]. 

We will now show that the duality functor preserves quasi-G-equivariance. 
Proposition 2.16. Let M e Dl^,^{Vx,G) then ©(Af) G Dl^f^{Vx,G)°PP . 

Proof. By a devissage we may assume that M is a single degree complex, i.e. M G M odcohi'D x i G) . 
By |Kas08[ Lemma 3.3.2] for every N G Modcoh{Ox,G) there exists a G-equivariant locally-free Ox 
module L of finite rank and a surjective G-equivariant morphism L N. Notice that there exists a 
G-equivariant coherent C';f-submodule K oi M with T>x ® K = M . This enables us to construct a 
locally-free, G-equivariant resolution 

■ • • — !> L2 — > ^ ^ AT — !> 

of K in Modcoh{Oxi G), which gives rise to a resolution of M 

>Vx®L2~^Vx®Li^Vx®Lo^M~^0, 
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in M odcohi'D X , G) by the exactness of "Dx^Ox- We have 

mi = RHomvx (M, Vx) ® VL®-^[dimX] 

~ HornvxiVx ® L,,Vx) ®VL®r'^[dimX] 
~ {Homox{L;Ox) ®'Dx) ®n%-\dimX] 
c=iVx ®'Homox{L„Ox)[dimX] 

But Honio^ {Lm, Ox) is again a complex in Modcoh{Ox , G), which can be easily seen by the local-freeness 
of the L,. Thus we can conclude that BA/ e D^^f^iVx , G^pp . □ 

Corollary 2.17. Let f : X ^ y be a G-equivariant map. Then the proper direct image and the 
exceptional inverse image functor preserves quasi-G-equivariance. 

Proof. This follows from /| = D o /+ o D and = D o /+ o D. □ 

In the next proposition we will show that the characteristic variety of a quasi- G-equivariant D-module 
is G-invariant. 

Let 5 G G and denote hy i/g : X ^ X the isomorphism induced by the G- action and by dvg : T* X T* X 
the induced morphism on the cotangent bundle given by puUback of differential forms. Notice that for 
M G D^{T>x, G) one has ip'^M ~ M by the quasi-G-equivariance of M. 

Proposition 2.18. Let M G D^cohi'^x^ G), then the characteristic variety char(Af) of AI is G-invariant. 
Moreover, if G is irreducible then the irreducible components of char(Af ) are G-invariant. 

Proof. For the proof, we are going to use the following fact (cf. jHTTOSI Lemma 2.4.6(iii)]). Let 
f : X y he a, morphism between smooth algebraic varieties. One has the natural morphisms 

T*X X xy T*y T*y 
Let M G Modcoh{T^y)- If / is non-characteristic then char(/+A/) C pfU^^{c\\m:{M)). 

We want to apply this to the case f — Vg. Notice that in this case the maps and arc isomorphisms 
and o ijj^j^ — dvg . Thus we have 

char(A/) = char(j/+A/) C dug{chai{M)) . 

Repeating the argument with Vg-i gives char(A/) C dvg-i{ch&Y{M)). Now applying dvg to both sides of 
the latter inclusion shows the first claim. 

Now assume that G is irreducible and let Ci be an irreducible component of Ch{M). Notice that 
G X Gi is irreducible. Consider the scheme-theoretic image I oi G x Gi under the induced action map 
^ : G X char(A/) — char(A'/). Then ^ : G x Gi — !■ / is a dominant morphism. We want to show that / is 

irreducible. Let U C / be an afRne open set. The restriction ^ ([/)—!•[/ is still dominant and induces 
an injective ring homomorphism Oi{U) — > (!?GxCi(C {U)). As G x Gi is irreducible and reduced the 
ring OcxCiCC [U)) is a domain. Thus Oi{U) is also a domain and because U was chosen arbitrary we 
conclude that / is irreducible. Notice that we have Ci C I CI char(Af ) and therefore Gi = /, which shows 
the claim. 

□ 

The proposition above enables us to prove that a section of a quotient map of a free action is non- 
characteristic with respect to quasi-G-equivariant X'-modules. 

Lemma 2.19. Let G x X ^ X be a free action and ttq : X X/G a geometric quotient. Let 
ic '■ X/G X be a section of ttq, then ic is non- characteristic with respect to every M G D^f^{G,'Dx). 
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Proof. We consider X/G as smooth subvariety of X. Notice that X/G is transversal to the orbits of the 
G-action. Let char(M) C [JiT^ X where {Xi} is a Whitney stratification of X. By Proposition 12.181 
the varieties Xi can be chosen to be unions of G-orbits. Let {p,£,) € T^^^X n T^,X. Because of the 
transversahty of X/G and Xi we have TpX/G + TpXi = TpX and therefore ^ = 0. But this shows that 
ic non-characteristic with respect to M. □ 

Let y* = C X (C*)* and let jv : V* V he the canonical embedding. Consider the following diagram 




V{V') ^ — z 



(17) 



where the varieties Z*,Z'^,T* together with the maps jz*,jz' ,jr* and S,eX are induced by the base 
change jV* ■ Thus all squares in the diagram above are cartesian. 



We now specify to the case G = (C*)". We let G act on S and V by 

GxS —>S, 

{9i,---,9s,yi,---,ys) {giyi,...gsys), 
GxV — >V, 

{gi,...,gs,XQ,...,Xt) ^-> (Ao,g~-iAi,...,g~-*At). 
We also define the following G-action on T{V'): 

G X p(y') — > p(v') 



(18) 



(19) 



This makes map g = io j : S ^ ¥{V') G-equi variant. There is a natural action of G on F(y) x V resp. 
S xV which leaves the subvarieties Z = {Yll=o ^if^i = 0} resp. F = {Ao + J2l=i Ai2/-'} invariant. It is 
now easy to see, using the induced actions on F resp. Z, that the maps 7rf , 7r^,7rf as well as rj and 9 are 
G-cquivariant. 



Notice that G leaves V* invariant and acts freely on it, but this shows that G acts also freely on Z* , Z\ 
and F*. Therefore also the maps (5, e, C are G-equi variant. Notice that the action of G on P(y) as defined 
in formula (|19p is not free, there are orbits of dimension strictly smaller dimension than s = dim(G). 
Because we have I^B = Z**, there exist matrices A^i £ Gl{s x s, Z) and N2 G Gl{t x t, Z) such that 



B = Ni-{h\ Osxr) ■ N2 



where r :~ t — s. Define matrices 



, M := (Or^cs \ Ir) ■ N2, C:^N, 



-1 
2 



Is 



iVfi, D:={C-BY, 



whose entries we denote by lij, rriji, Cik and d,;, respectively. Then M ■ L = Ir, B ■ C = Is, B ■ L = 0, 
M • G = and 

G -B + L-M ^It. (20) 
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Consider the following map, where F := (C*)'': 

Tp : F{V') xC X F X KM — > F{V') x V* 
((mo : . . . : Mt), Ao, /i, ...,/„ gi, ... , g,) ^ {{fio ■ /"-^A^i : • • • : Aq, /^^ • . . . , • g^*) 

with = Y[k=i fk'°'' 1~' ~ 11^=1 Ij^^' ^^"^ inverse 

Tp 1 : V{V') xV* — > P(F') xCx F xKM 
((mo : . . . : /^t), Ao, . . . , A*) ^ ((^o : A^^^i : • • ■ : fit) , Xo , ■ ■ ■ , A^% A^S . . . , A^"-) 

with A^*- := n*=i A^- , A^. = nil A^-^ and A^- := Hli A^'- = Hli xj^^ ^'^'"^ . 
RecaU the following G- action on ¥(y') x V* 

G X (P(V^') X V*) — > V{V') X V* 
{91, ■■■ ,9s, if^o ■■■■ ■ /^t)> Ao, . . . , At) ((mo : g-^Mi : • ■ • : g-'f^t), Ao,g~-iAi, . . . ,g"-'At) . 
Consider the following G-action on P(T^') x C x F x KM 

G X (P(y') X C X X KM) — > P(y') xGxFxKM 
{91, 9s, ifiQ : ••■ : fJ-t),Xa,fi,...Js,qi,...,qr) ((mo : Mi : . . . : ^t), Xa, g^^ fi, . . . , g^^ fs,qi, . . . , Qr) 

It is easy to see that Tp resp. TjT^ is G-equivariant with respect to the G-actions above. 
Consider the map 

Ts: SxCxFxKM^SxV* 
{yi,...,ys,XoJi,...Js,qi,...,qr) ^ (/f ^i, . . . , Aq, /-^ ■ . . . , j}* ■ q^^) 

and its inverse 

Tg^ -.SxV* ^SxCxFxKM 
(2/1, . . . , y,, Ao, . . . , At) {X^'yi, ■ ■ ■ ,>r'ys,Xo,)r',. . . , A^% A^s . . . , A^-) 

where one has to use (pOj) . 
Recall the G-action on 5* x 

G X {S xV*) ^ S xV* 
(51, . . . ,5s, Ao, . . . , At) t-^ {giyi, . . .,gsys, Xo,g~-^Xi, . . . ,g-*Xt) 

and consider the following G-action on 5 x C x F x KM 

Gx{Sx(CxFx KM) S x G x F x KM 
(gi, ■ ■ ■ , 9s,yi, ■ ■ ■ ,ys, Xo, fi, . . . , fs,qi, . . . ,qr) 1^ {yi, ■ ■ . ,ys, Ao,.9rVi, • • ■ ,9s^fs,qi, ■ ■ ■,qr) 

It is again easy to see that T5 resp. T^^ is G-equivariant with respect to the G-actions above. 

The subvarieties Z* resp. T* are then given by AqMo + J2l=i Ms ' — ^ resp. Aq + J2l=i y~' ' 1~' = 0- 

Finally consider the maps 

T -.Cx F xKM — >V* 
(Ao, /i, . . . , /„ qi, . . .,qr) ^ (Ao, • . . . • q^*) 

T-^ -.V* — yCxFxKM 
(Ao,...,At)^(Ao,A^S...,A^sA^S...,A^-) 



15 



which are G-equivariant with respect to the G-action on V* and the following G-action on C x x /CM 



G X (C X X KM) X F X KM 

(51, ...,gs, Ao, /i, ...Js,qi,---,qr)^ (Ao,5r Vi, • ■ -ids^fs, 9i, • • ■ , Qr) ■ 

The G-equivariant isomorphisms above show that geometric quotients of V*, Z* and F* by G exist and 
are given by C x KM, 



Z ■■= + = 0} C ¥{V') x C x KM 



and 



g := {Ao +Y,q-'yb, ^0}cSx€xKM, 
1=1 

respectively. We denote the corresponding quotient maps by ttq , ttq and ttq . 

Notice that we have a natural section to ttq , which is induced by the inclusion 

Cx/CM— ^CxFx/CM 
{Xo,qi,...,qr) ^-> (Ao,l,...,l,(7l,...,gr) 

and the isomorphism above. This gives also rise to sections and of ttq rcsp. ttq . Consider the 
following diagram 



S- 



(21) 



X 



X 



P(F') ^ Z- 



Z* 



C x /CM 



Notice also that all squares arc cartesian. 

Proposition 2.20. Let Iq : Z Z* resp. Iq : C x KM — S- V* the sections constructed above. 

1. The Vz* -modules 

(eoOtCr*, (eoO+Or- and M^^{Z*x) 
are quasi-G -equivariant and non- characteristic with respect to Iq . 

2. The Vv -modules 

n'^i'PB.tOsxW') and n^'iipB.+OsxW') 
are quasi-G -equivariant and non- characteristic with respect to Iq . 

3. We have 



In particular we have 



a+M'''{Zx)^t+j^n{M'''{X)) 
where i/cM ■= jv ° *g is non- characteristic with respect to TZ{M'^ {X)). 



(22) 
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Proof. 1. First notice that because the map {ioj) : S P(y) is affine and this property is preserved 
by base change, the map (e o (^) is also affine. Thus the direct image as well as the proper direct 
image of Or* is a single Pz* -module. The closure of F* in Z* is Z^, therefore we have 



M'^' {Z*x) = zm((e o C)tOr- ^ (e o O+Ov ) e Modrhi^z- ) . 



(23) 



To show the first claim, it is enough by Femma 12.191 to show that the corresponding D-modules 
are quasi-G-equivariant. First recall that F* C S* x V^* and denote by t : F* — S* the restriction 
of the projection to the first factor. Notice that l is G-equivariant and Or* — ^^Os- Therefore 
Or* is a quasi-G-equivariant 27-module. Because e, C is G-equivariant we see that (e o O^Or* and 
(e o O+Or* are quasi-G-equivariant. Furthermore, because of Equation (|23| and the fact that 
Mod{G,Vz*) is an abelian category the P-modulc Ml^'^{Z'^) is quasi- G-cqui variant. 



For the second point, consider the action of G on W* = (C*)* which is given by 

GxW* ^W* 



(91 



,gs,Xi,...,Xt) ^ (.9 -lAi 



(24) 



This action together with the action ([181) induces a G-action on 5 x W* . It is easy to see that 
'fiBisxW G-equivariant. Thus the Pv'*-modules ^^((/Js^fOsxw*) and H°((ps,+Osxiv* ) are 
quasi-G-equivariant. The fact that is non-characteristic with respect to these 2?y* -modules fol- 
lows now again from Femma 12.191 



3. To show the third claim, consider the following isomorphisms 

M'^'iZx) ^ im ((/3 o 7)tOe ^ (/3 o j)+Og) 

^im ((/?o7)t(zr;')tOr* ^(/3o7)+(*r*)+0r. 

c.zm((*i*)t(eoC)tOr 

~(*g*)+*m((eoC)tOr 
c.(*g*)+A^^^(Zi) 



(zi')+(eoC)+Or. 
(eoC)+Or*) 



(25) 



where the second isomorphism follows from (ijj )+Or* — Og, the fact that Or* is non-characteristic 
for ig, and jHTTOSi Theorem 2.7.1(ii)]. The third isomorphism follows by base change and the 
fourth isomorphism follows from the fact that Iq is non-characteristic with respect to (e o C)|Or* 
and (eoC)+Or.. 



For the last claim consider the following diagram 

Z^I^Z* 



We have the following isomorphisms 




C X /CM 



a^M'''{Zx)^a^(^%YM'''{Z\) 

o,a+{^^')+JlM'^{Zx) 
^(C)+J^*'r|+A^^^(Z^) 

^liy^TT^+M'^'iZx) 
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The non-characteristic property of i/cM ~ jv o Iq follows from Lemma 12.191 and the fact that 
jy,TZ{M^'~^ {X)) is quasi- G-equi variant. 

□ 



3 Fourier transformation and lattices 

In this section we apply the Fourier transformation functor to the various I?-modules considered in 
section [21 For the families of Laurent polynomials resp. compactifications thereof that appear in mirror 
symmetry, we obtain P-modules that can eventually be matched with the differential systems defined by 
quantum cohomology. They have in general irregular singularities, and this is reflected in the fact that 
although the modules considered in section [5] were monodromic on V , they do not have necessarily that 
property with respect to the vector bundle V = Cao 'xW ^ W . Hence the functor FLvk will in general 
not preserve regularity. 

In the second part of this section, we study a lattice in the Fourier transformation of the Gaufi-Manin 
system of the family of Laurent polynomials LpB- It is given by a so-called twisted de Rham complex, 
however, in order to obtain a good hypergeometric description of it, we have to introduce a certain inter- 
mediate compactification oi (pB and replace this de Rham complex by a logarithmic version. Moreover, 
the parameters of the family ips have to be restricted to a Zariski open set excluding certain (but not 
all) singularities at infinity. Then we can show the necessary finiteness and freeness of the lattice. It 
will later correspond to the the twisted quantum P-module (see section H]), seen as a family of algebraic 
vector bundles over Cz (not only over C*) with connection operator which is meromorphic along {z = 0}. 



3.1 Localized Fourier-Laplace Transform 

We discuss here a partial localized Fourier-Laplace transform of the Gaufi-Manin systems of (^s and of 
the P-module M^^[X\C). 

Consider the product decomposition V = G\„ x W ^ where W is the hyperplane given by Aq = 0. We 
interpret as a rank one bundle with base W and consider the Fourier-Laplace transformation with 
respect to the base W as in definition 12.41 where we denote the coordinate on the dual fiber by r. Set 
z = 1/t and denote by : C; x 1^ x and : C; x W t> := x = pi \ {r = 0} x 

the canonical embeddings. Let A/" be a I?y-module, the partial, localized Fourier-Laplace transformation 
is defined by 

Yh%\M) :=j,+j+FL„.(A/-). 
The localized Fourier-Laplace transformations of the Gaufi-Manin systems are denoted by 

G+ := FL^^(H°((pB,+OsxM/)) , (26) 
:=FL'i^^(H°(^B,tOsxw)). (27) 

We also consider the partial, localized Fourier-Laplace transform of the 2?-modifles M^~. The following 
notation will be useful. 

Definition 3.1. Let M^°'^^ be the Dy-module Dy[z^^]/ 1 , where I is the left ideal generated by the 
operators — PkZ and E — /SqZ, which are defined by 

□i n {z-dx,)-'' ~ n {z-dx^' 

i:h<0 i:li>0 

E := z^dz + zX.dx, 

We denote the corresponding D^-module by A4^b°''^\ 
Lemma 3.2. We have the following isomorphsim 
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for every jS = {Po,l3) E Z'+K 

Proof. This is an easy calculation, using the substitution 

Ao —dr = z'^dz and d\„ — > r = I/2; 

and the fact that A^^"'^'' is localized along z = 0. □ 

Notice that in the lemma above we used the subscript B for the GKZ-system on the left hand side and 
the subscript B for its localized Fourier-Laplace transform on the right hand side. This notation takes 

into account the fact that the properties of the system M~ are governed by the geometry of the semi- 

B ^ ^ 

group f^B, whereas the properties of its localized Fourier-Laplace transform depend on the 

geometry of INS. This explains the different sets of allowed parameters in Proposition l3.3l resp. Theorem 
13.61 in contrast to Theorem 12.101 resp. Theorem 12 . 141 and Proposition 12. 151 

The following proposition gives an isomorphism between the localized partial Fourier-Laplace transform 
of the Gaufi-Manin systems and and the hypergeometric systems A^^"'^'' introduced above. 

Proposition 3.3. There exists an 5b G JNS such that we have an isomorphism 

for every £ li and [3 E 5b + (R+B H Z"). // KB is saturated, then 5b can be taken to be E KB (in 
particular, the statement holds for {13^,(3) = (/3o,Q) G 1}^"). 
Furthermore, we have an isomorphism 

for every 13'^ E Z and /3' E {R+B)° V. 

Proof. We construct the isomorphisms by applying the Fourier-Laplace transform Fhw to the exact 
sequences in Theorem 12. 101 First notice that the first and last term in the exact sequences are free Oy- 
modules, thus their Fourier-Laplace transform has support on r = 0, i.e. their localized Fourier-Laplace 
transform is 0. Thus there is some 5^ E KB such that we have the following isomorphisms 

g+ = FL'^^in"iipB,+Os.w)) ^ FL^=(A^|) 

and 

= FL%^{n%^B.^Os.w)) ^ FV^^iM-/) 

for any f3 E5g + {R+B D Z^+i) and any /?' E {R+B)" D Z^+K Write 5^ = {5q,5b) with 5b E Z". Now 
given any (/3o, (3) E Z x {5b + {R+B D Z")) resp. (/3^, /?') E Zx {(R+B)° n Z") we can find a 70, 7o e Z 
such that (70, ;5) E 5§ + {R+B n Z-'+^) resp. {-/o,l3') E {R+B)° n It remains to show that there 

are isomorphism 

^iPo.P) ^ (28) 

for {/3o,/3) eZx {5b + {R+B n Z-')) and (70,/?) e5^ + {R+B n Z'^+i)) resp. 

M^^°''^'^ ^ M^p'"''^^ (29) 

for {P'o,^') eZx {{R+B)° n Z-") and (-7^, -/?') E {{R+B)° n Z"+i) . Notice that Al^"''^^ is localized 
along z = for all {(3q, (3) E Z"^^ by Lemma p.2p . Therefore the morphism given by right multiplication 
with z 

M^-'^^M^^"''-^^ (30) 
is an isomorphism, which shows (j28p and (P^. 

Concerning the last statement, suppose that KB is saturated. Let /3 E KB = {R+B f) Z") and 
(3q E Z arbitrary. By |Reil21 Lemma 1.17] we have (3 ^ sRes{B), where sRes{B) C is the set 
of strongly resonant values (cf. jSW091 Definition 3.4]). Using [Reil21 lemma 1.19] there exists a 
7o G Z such that (70,/?) ^ sRes{B). Now we argue as above, i.e. by |Reil21 Theorem 2.7] we have 
g+ = FL^"(HO(^B,+Csxiv)) ^ FL^"(>/(-?°'^^) which in turn is isomorphic to M^^^'^K □ 
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If the semigroup INi? is saturated, we will compute the isomorphism above explicitly for (/3o,/3) = (0,0). 
For this we will need a direct description of the localized, partial Fourier-Laplace transformed Gaufi- 
Manin system 

Lemma 3.4. Write ip = (F, tt), where F : S xW G, (y. A) - J2l=i ^iVr' it : S xW -> W is the 
projection. Recall from formula (|26p that we denote by the localized Fourier- Laplace transformation 
of the Gaufl-Manin system of the morphism ip. Write := H'^{V, Q^) for its module of global sections. 
Then there is an isomorphism of Dy -modules 

G+ - (n'+f^^^[z^ld - ■ dyFA) , 

where d is the differential in the relative de Rham complex ^*s^w/w '^^^ structure of a "Dy -module on 
the right hand side is defined as follows 

dz{uj ■ z^) = i ■ UJ ■ z^^^ + F ■ Lj ■ z^^"^ , 

dxi{uj ■ z^) := dx^{uj) ■ z"^ ~ dx^F ■ Lo ■ z^^^ ~ d\^{ijo) ■ z^ + y-i ■ UJ ■ z^~^ , 



where uj G ^sxw/w 

Proof. The expression for the module G'^ as well as the formulas for the 2?^;>-structure are an immediate 
consequence of the definition of the direct image functor. See, e.g. |Reil21 equations 2.0.18, 2.0.19], from 
which the desired formulas can be easily obtained. □ 

Using the description of via relative differential forms, we find a distinguished element, which is (the 
class of) the volume form on S, that is 

dyi . . dys 
OJQ A ... A . 

yi Vs 

In the next lemma we compute the image of loq under the isomorphisms in Proposition 13.31 under the 
assumption of normality of KB. 

Lemma 3.5. Let Mi? be a saturated semigroup, then the isomorphism from Provosition \3.3\ 
maps uq to 1. 

Proof. Recall from the proof of Proposition 13. 3[ that there exists a 70 £ Z such that (70, 0) ^ sRes{B) 
(notice that here we only assume that MB is saturated which does not impley that INB is saturated). 
Denote by 

the morphism from Theorem 12.101 We first compute the image of wq under the morphism "0(70,0) using 
the description of 'H'^{lpb,+Osxw) by relative differential forms (see e.g. jReil2[ Equation 2.0.17]). 
Wc will use the following two facts of loc. cit. Proposition 2.8 whose proofs extend directly to our 
slightly more general situation (there it was assumed that fiB is saturated). Namely first, that there 
exists a non-zero morphism M~ T(V,'H'^((pB -\-Osxw)) which sends 1 to uq and second that 

o)('^o) 7^0. Concatenating this morphism with ?/'(^i^ Q-) gives a non-zero morphism M~ ^'-^ M^~°'-\ 
where 1 € M-"^'-"* is sent to the image of under q). By |Reil2[ Proposition 1.24] this morphism is 
uniquely given by right multiplication with dj"^^ (up to a non-zero constant). Applying now the partial 
localized Fourier-Laplace transform to the morphism ^/^(^p 0)1 we see that ^/'(^p o)('^o) = z~'^°~^. Using 
the isomorphism A^^"'-"* A^^° which holds for any 7q G Z, shows the claim. 

□ 
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By Proposition 12.141 we can now give a concrete description of the partial, localized Fourier-Laplace 
transform G^'^ FL^'^iM^^ {X° , C)) of the intersection cohomology I?-module M"^{X°,C). 

Theorem 3.6. Let P £63 + (M+B n 1^"), 13' e {R+B)° n Z-" and /3o, l3'a £ then we have the following 
isomorphisms 

resp. 

where f a(jW^^''""'''^)(C/) {m G A?^"^"*^'' (C/) | 3n e IN with {d^^+f^' Y ■ m = 0}. Furthermore, if KB is 
saturated, then 5b can be taken to be Oe TNB (so that, similarly to vrovosition \3.SX the statement holds 
true for (/3o, /?) = (/3o, Q) G Z^+^j. 



Proof. Using the isomorphism 

which holds for every (;3o,/3) € we can assume that (/3o + 1,13) G Sj^ + (R+B n 1^"+^) resp. 

(/3o + 1,;3') e (]R+B)° n Then the first isomorphism follows by applying the functor FL^"^ to the 

isomorphism in Theorem 12.141 and lemma 



For the second isomorphism we can assume again that {/3q + 1,13') G (lR,+i?)° n . Now the desired 
statement is obtained by applying FL',^'^ to the second isomorphism in Proposition l2 . 151 and the fact that 

TQ{J^^g°' is stable under left multiplication with z. 

Now assume that Mi? is saturated and let f3 G fiB. Arguing as in the last part of the proof of Proposition 
I3.3l we can find a 70 G Z such that (70, /3) ^ si?es(/3). By [SW09[ Corollary 3.7] we have an isomorphism 
FUh+Or) ^ M^^''''^\ Now the proof of Theorem [231 shows that 



M^^{X\C) c ^n^iM-/ A^J-«) 



Now applying the functor F^^'^ and using the isomorphism ((3T|) shows the claim in the saturated case. □ 



3.2 Tameness and Lattices 

In this section we define a natural lattice in the Fourier-Laplace transformed Gaufi-Manin system 
outside some bad locus where the Laurent polynomial acquires singularities at infinity. For this we need 
to study the characteristic variety of the Gaufi-Manin system of (pB and the corresponding GKZ system 
A^~. Throughout this section we assume that MB is a saturated semigroup. Recall the embedding of 

B 

the torus S in the projective space from formula Q 

S -^F{V'). 

The projective variety X serves as a convenient ambient space to compactify fibers of the family of 
Laurent polynomials ipB- Let X'^^ be the restriction of X to the affinc chart of P(y) given by ^0 = 1. 
The affine variety X"-^ is therefore the closure of the map 

gB-.S^C* 

{y,,...,ys)^{i\...,i^). (32) 

Hence X'^S is isomorphic to Spec (C[Mi3]). Consider the following diagram, which is a refinement of a 
part of diagram ([T7)) : 

T^Z^.s^Zx^^Z^^V (33) 
S — ^ X'^ff ~. X ^ P(F') 
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where ji and j2 are the canonical inclusions and the three squares are cartesian. Recall that Z C 
P(y ) X V was given by the incidence relation Yll=o ^it^i ~ ^ ^^"^ composed map g = io j = i° ji ° 32 
was defined by formula Thus F resp. Zx-^ff is the subvariety oi S xV ^ S x Caq x W resp. X°-ff x V 
given by the equation Aq + X]i=i = 0- It follows from the definition that T is the graph of ipB- 

Therefore the maps 

t^Zk := 7r| o : Zjf — > V 

resp. 

T^z^^ff := Trf o ?7 o 6*1 : — >V 
provide natural (partial) compactifications of the family of Laurent polynomials ^pB- Putting H-^ := 
{Si=o ^ii^i = 0} C V{V') for any A S we see that the fiber tt^^ (A) resp. t^^^ (A) is given by X n 
resp. {Ao + ELi ^^y-^ = 0} C X"^. 

Recall that the toric variety X has a natural stratification by torus orbits X°(r), which are in one- 
to-one correspondence with the faces V of the polytope Q, which is the convex hull of the elements 
{^0 ■= Oj^iJ ■ • ■ ^ht]■ Notice that the stratification S := {X"(r)} is a Whitney stratification of X (see 
e.g. |Dim92[ Proposition 1.14]. 

By IGKZ08I Chapter 5, Prop 1.9] the orbit X^{V) ~ (C*)<i"°(r) ^j^g ^^^^^^^ ^<^^-^^ 

{yi,...,ys) ^ (eol : eiy-^ : ... : ety-') , 
where = if ^ T and = 1 if fe^ £ F. It is easy to sec that 

x'^ff = (J x°(r) 

r|oer 

and this induces a Whitney stratification of X""^ . 
The preimage of X'^(F) n Hj^ under gr is given by 

{(2/i,...,2/,)e5| ^A,y^> =0}. 

It follows from |GKZ08[ Chapter 5.D] that the morphism pr : S — > X°{r) ~ (C*)'ii"i(r) ig a trivial 
fibration with fiber being isomorphic to (C*)'^^'^'™*^'"^. 

Denote by S'p'^**'- the set 

Uy,,...,ys)eS\J2 >^^i' = ; Vkdy, ( ^^i') = fc e {i, . . . , s}| • (34) 

Then its image under pr is exactly the singular set sing{X^ {T) n Hj) of X°(F) n Hj^. This motivates 
the following definition. 

Definition 3.7. Let'X^V 

1. The fiber tt^^ (A) has stratified singularities in X^{T) if X^{T) H H-^ is singular, i.e. Sy"*''~ 7^ 0. 

2. The set 

Ab :={A e V I S'q"'~^ ^ 0} 

={A G V I ipg^iX) is singular} 

is called the discriminant oftps- 
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3. The fiber '^^^{X) has singularities at infinity if there exists a proper face T of the Newton 
polyhedron Q so that S'^^^^'~ ^ 0. The set 

Ag= := {A G y I 3 r so that S^"''- ^ 0} 
is called the non-tame locus ofips- 

4- The fiber ipg^{X) has bad singularities at infinity if there exists a proper face T of the Newton 
polyhedron Q not containing the origin such that S'p'^'*'~ ^ 0. The set 

^b'^ {A e y I 3 r ^ g, ^ r so that s'^''-- 7^ 0} C Ag' 

is called the bad locus oftps. 

Remark 3.8. Notice that A^'' is independent of Xq. We denote its projection to W by W^"''^. Let 
W* ^W\{Xi...Xt^O} and define 

W° := W* \ W^"'^ , 
which we call the set of good parameters for (ps- 

Recall that X°-ff is isomorphic to Spec (Rb) with Rb := C[]Ni3]. Let XgW and set /a(») Vb{',X)- 
Notice that the Laurent polynomials f\ and dfxjdyk for fc = 1, . . . , s, which were defined on 5 before 
are actually elements of Rb and can thus natural be considered as functions on 

Lemma 3.9. Let X e 14^° be a good parameter, then 

dime {RB/{df\/dyk)k=i,...,s) =vo\{Q), 
where the volume of a hypercube [0, 1]'' C R'* is normalized to s\. Moreover, we have 

supp{RB/{dfx/dyk)k=i,...,s) = |J s^?^55 (^r^x (Ao, A)), 

where we see 7r^^(Ao,A) as a subset of X C V{V') and where sings {Tr'^^{Xo,X)) denotes the stratified 
singular locus with respect to the stratification S of X by torus orbits defined above. 

Proof. For the first claim consider the following increasing filtration on Rb • Let as above Q be the convex 
hull of . . . ,fof and in W. Let u e KB then the weight of is defined by inf{A S 1R+ | w G A-Q}. It 

is easy to see that there is an integer e so that all weights lie in e~^]N. Denote hy Rg the elements in Rb 
with weight < k/e. Let grRB the graduated ring with respect to this filtration. By |Ado941 Equation 
5.12] we have 

dime gr{RB)/{dfx/dyk)k=i,...,s = vol(Q) , 
where df\/dyk is the image of dfx/dyk in gr(RB). It remains to show that 

dime gr{RB)/ idf\/dyk)k=i,...,s = dime Rb/ {dfx/ dyk)k=i,...,s ■ 
The proof of this equality is an easy adaptation of the proof of jAdo94[ Theorem 5.4]. 

For the proof of the second statement we notice first that 

s«"55(7r2^(Ao,A)) = y sing{X\T)r^H^Xo,X)) 
r|oer 

because the fiber over (Aq, A) has no bad singularities at infinity. 

Define the following r hyperplanes for k e {1, . . . , r} and A £ W°: 

t 

Hi := {(^0 : . . . : A^t) e F{V') \ ^ bk^Xa^^ = 0}. 
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We have sing(X"(r) D H(Ao,a)) = ^"(r) n ^^(Ao.a) <^ (flLi -^a) by equation ^ and therefore 

S 

k=l 

Notice that 

s 

y {X-ff n ir(A„,A) n ( fl = |J SUpp{RB/RB{h - Ao) + i?i3(a/A/92/fc)fc=l,...,s) 

AoSC k=l AoeC 

= supp{RB/RB{dfx/dyk)k=i,...,s) , 

which shows the claim. □ 

Let B be the (s + 1) x (i + l)-matrix as introduced before definition 12.81 Let Q be the convex huU 
of hg,...,bf in 11^+^. Notice that Q C {1} x R'' and therefore no face F of Q contains the origin. 
Adolphson characterized the characteristic variety char(7W ~) of the GKZ system ~ as follows. Let 
T*V ~ 1/ X be the holomorphic cotangent bundle with coordinates (Aq, . . . , \til^Q^ • • • , l^t)- Define the 
following Laurent polynomials on (C*)*^^ 



m ■■=h..Qiy) ■■-T.^'y-'^ 
4r(y) ■■= E ^^y-' ' 



where we define y-» := 0^=0 ^fc'''- 

Lemma 3.10 ( jAdo94j Lemma 3.2, Lemma 3.3). 

1. For each (A*' \ £ char(A^^) there exists a (possibly empty) face F such that /ij"'' ^ if and 
only if bj G F. 

^- ^/ A*^ ' a singular point of and F the corresponding (non-empty) face, then the Laurent 

polynomials df~{o) ^/dyo, . . . , df~{o) p/9ys have a common zero in (C*)*+^. 

We can use this result in the next lemma to compute the singular locus of the 2?-modules we are interested 
in. 

Lemma 3.11. The singular locus of as well as the singular locus of the modules H^{(pB+Osxw) 
resp. li'^itpBfOsxw) is given by 

As := AsUAg^. 

Proof. Notice that the polytope Q C {1} x R'* is just the shifted polytope Q C defined above. 
One easily sees that the Laurent polynomials df-m ~/dyo, . . . ,df~(o) p^/dys have a common zero in 

{C*y+^ if and only if ifg^X ) is singular, i.e. the set of A 's which satisfy this condition is exactly 
the discriminant A^ of ipB- If there exists a proper face F of Q such that the Laurent polynomials 
df~(o) ^/dyo, . . . , df~(o) ~/dys have a common zero in (C*)''+^, then then fiber (^^^^(A^ has a singularity 
at infinity, i.e. its compactification has a singularity in X°(F). where F is the corresponding face of Q. □ 

Lemma 3.12. The restriction of the discriminant As to C x W° C V is finite over W° C W. 

Proof. We will first show quasi-finitcness of the map p : As\cxw° ^ W° . First notice that we have 
As\icxw° = (As \ A^b'^\'Cxw° ■ Fix some A G W° . We have to show that A5|cx{a} is a finite set. By 
the definition of A5 it is enough to show that sings{Tr'^^ (Aq, A)) is a finite set, but this is Lemma[ 
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To prove finiteness of the map p : Ag^c^iyo — > W° it remains to show that it is proper. Let K be any 
compact subset of W°. Suppose that p~^{K) is not compact, then it must be unbounded in y ~ C*"'"^ 
for the standard metric. Hence there is a sequence (Aq*\ A^*^) G p~^{K) with hm,;_i.oo IAq''] = oo, as iiT is 
closed and bounded in W° C W = €K 

In order to construct a contradiction, we use the partial compactification of the family tpB from above. 
Recall the spaces Z := {ELo • Mi = 0} C P(y' ) X V and Zx := {X x V) n Z. Introduce the 
spaces Zk := {X]i=i ^kiKf^i ~ 0} for fc G {1, . . . Then Zx H (05^=1 ^k) is the stratified critical locus 
crits(Trzx) of the family tt^^, where we denote by abuse of notation by S also the stratification on Zx 
induced from the torus stratification on X used above. 

Because the projection from the stratified critical locus crits{T^Zx) of to A5 is onto, there is a 
sequence ((^l,*^ : ^i^')), £ X°-S xp-^{K) projecting under nz^ix-ff xp~^{K) to (A{,*', A^*') (Notice 

that we consider here X'^^ as a subset of P(y) under the embedding ioji). Consider the first component 
of the sequence {{hq^ : M^'^), (Aq A^*^)), then this is a sequence (^q'' : m^*^) in X which converges (after 
possibly passing to a subsequence) to a limit (0 : m'™ : . . . : ^j'™) (this is forced by the incidence relation 
Si=o AiMs)- III other words this limit lies in X \ X^-^ by the definition of X"'^ before equation ((32)) . But 
because {X x V) n Z n flLi Zk = Zx n flLi is closed, the point ((0 : At'^™ : . . . : ^^1'"), (A[)™, A"™)) 
lies in ((X \ ) X p-^{K)) nZn flfe^i Zk, i.e. tt^^ (lim^^oo (A[|'' , A^'^)) has a bad singularity at infinity, 
which is a contradiction by the definition of W° . □ 

We can now prove the following regularity property of A4^^°'^\ which is essentially the same proof as in 
[RSTOl Lemma 4.4]. 

Lemma 3.13. Consider as a V^i .^^-module, where W is a smooth projective compactification 

ofW. Then M^^"'^^ is regular outside {{z = 0} x I^) U (P^ x {W\W°)) and smooth on C* x 1^°. 

Proof. It suffices to show that any A ~ (Ai, . . . , At) G W° has a small analytic neighborhood C W° 
such that the partial analytization 0^o[t,t~^] (E)Oc' xw° .^b"'^'' regular on Cr x (but not at 
r = 00). This is precisely the statement of [DS031 Theorem 1.11 (1)], taking into account the regularity 
of (c.f. IHotQSl section 61), the fact that the singular locus of coincides with A5 (see Lemma 

S B 

13. lip as well as the last lemma (notice that the non-characteristic assumption in |DS03[ Theorem 1.11 
(1)] is satisfied, see, e.g., |Pha79[ page 281]). □ 

The next step is to study several natural lattices in A4^^°'— . They are defined in terms of 7?.-modules, 
see the end of subsection 12. II 

Definition 3.14. 1. Consider the left ideal I := TZ^^xw* + T^C;,xW'{Ek — z ■ (3k)k=i r + 

TZc^xW'iE ~ z ■ l3o) inTZc^xw and write oM^g°'^^ for the cyclic TZ-module TZc^xw Here the 
operators Ek and E are those from defintion \3.1l 

2. Consider the open inclusions W° C W* C W and define the T)c^xW° -i^odule 



and the TZc ^xw° -module 



/3) 



\C^xW° 



IC^xW 



Remark 3.15. 



1. We have Pc.xw- ®Ho.x»^. oM^b"'^^ = M^b"'^\c.xW' ■ 

2. The restriction of qM^^"'^^ to C* x W* equals the restriction of m'-^"'^^ to C* x VF*. 

3. Fot^^9^{oM'-b"'^^) = n'/T, where T is given by 

I' := 7e'(Qi)/eL + n'{Ek - z ■ /3k)k=i,...,r ■ 
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Lemma 3.16. The quotient oAd^g"'^"^ / z ■ oAi^g"'^"^ is the sheaf of commutative Ow -o-lgebras associated 
to 

iIlu<o - n;.>o ^^)LeL + (ELi &feiA,K,)fc=i.....s VkOfx/dyu 
where ykdfx/dyk hiXiy-' . 

Proof. Let Ki be the class of zdXi. Because the commutator [fCi, A^] is zero we see that oM^g°'^'' / z ■ 

oA4g°'^'' is a commutative algebra and isomorphic to the module on the left hand side of equation (|35|l . 
To show the isomorphism (|35|) . consider the C[A]'', . . . , A^]-linear morphism 

^ : C[A± , . . . , A±, ^1 , . . . , Kt] ^ C[]NB] [[A± , . . . , A±] 

Ki y-' 

which is surjective by the definition of C[]Ni3]. The kernel of this map is equal to (11; <o '^f'' ~ 
n;.>o '*'')l6L by |MS05[ Theorem 7.3]. Finally notice that tpiJ^l^ihiXiKi) = ykdfx/dyk, which shows 
the claim. □ 

We need the following result saying that the GKZ-system is isomorphic to the restriction of the 
Fourier-Laplace transformed GKZ system A4^^°'^\ 

Lemma 3.17. Let ii : {1} x W — > V ~ Gz x W be the canonical inclusion. Then 

Proof. During the proof we will work with modules of global sections rather with the P-modulcs itself. 
Recall that the left ideal defining the quotient M^^"'^^ is generated by the operators Ek — fhz and 
E — Pqz, where 

□i := n iz-dx,)-'- ~ n (z-dx^^ 

i:li<0 i:li>0 

E := z^dz + ■=! z^tdxi 
Ek := J2l=i hizXidx, 

The presence of z~'^{Eo—l3oz) in this ideal show that have the an isomorphism of C[z^, Ai, . . . , A„](9ai , ■ • ■ dx„)- 
modules 

M ~ C[z±, Ai, . . . , A„](9a, , . . . dxJ/(C[z^,Xi, Xn]{dx, , • . • 9aJ/ (36) 

where the left C[z* , Ai , . . . , A„] (dx^ , ■ ■ ■ 9a„ )-ideal / is generated by Dj^^i and Ek — Pk for k £ {1,. . . ,d}. 
The Diy-module corresponding to (i^Adj is given by M / (z — 1)M. Using the isomorphism one 
easily sees that 

which shows the claim. □ 



Proposition 3.18. The Oc^xW° -inodule J'A^^"'^'' is locally-free of rank vo\{Q) . 
Proof. Notice that it is sufficient to show that oM^^°''^^ is Ocxw° 

-coherent. Namely, o°M^b''^^/z ' 

oJ^U^oJ) jg 0^„_iocally free of rank vol(Q) by Lemma Moreover, the restriction of o°M^^"''^'' to 
C* X W° is a locally- free OcjxVK" -module by Lemma [3. 131 Its restriction to {1} x W° is isomorphic to 
the restriction of Mg to W° by Lemma [3.171 which is locally free of rank yo\{Q). Now we use the fact 
that a coherent O-module which has everywhere the same rank is locally-free. 
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It is actually sufEcient to show the coherence of M For22g (o°A^^'''^''), as this is the same as ^Ai'^g"'^'^ 
when considered as an Oc^ xVK° -module. Let us denote by the natural filtration on T^J^ defined 

by 

^^fe7^;,^xw° ■=\p^t^'g^.w^\p=Y. 9o.{zA){zdxX' ■■■■■ i^dxX' 

[ |a|<fc 

This filtration induces a filtration F, on J\f which satisfies FkTZ[, ^^ro ■ FiM ~ Fk+iN . Obviously, for 
any fc, F^N is Oc^ xw° -coherent, so that it suffices to show that the filtration F, becomes eventually 
stationary. Let P = '^\a\<k 9a{z ^ X){zd\^)°-^ ■ . . . ■ (z^aJ"' then its symbol is defined as 

ak[P):= 3"(^.A)(Kir •••••(«*)"' e Oc_-xWo[Ki,...,Kt] 

\a\=k 

which is a function on Cz x T*W° with fiber variables ki, . . . , kj. Let I be the radical ideal of the ideal 
generated by the symbols of and Ek — z ■ Pk io'r k = 1, . . . ,t. Then the vanishing locus of I is 

the T^f.^ ^jyo -characteristic variety of M. Notice that Af is Oc^ xW" -coherent if and only if its T^'c^xW"' 
characteristic variety is a subset of Cz x T^oW°. The proof of this fact is completely parallel to the 
X'-module case (see e.g. |Pha791 Proposition 10.3]). 

To compute the TZ'^ xVF°"*^baracteristic variety, notice that the symbols of D/giL and E^ — z ■ j3k are 
independent of z. Thus it is enough to compute its restriction to {1} x W° . Now notice that the 
generators of the ideal corresponding to the GKZ-system have exactly the same symbols as the 
operators above. Thus it is enough to show that the restriction of the GKZ-system A^^ to W° is Ow°- 
coherent. But this follows from |Ado94[ Lemma 3.2 and 3.3] and the definition of W° (see Definition l3.7l 
and Lemma l3. lip . □ 

Corollary 3.19. The natural map §M''g°'^'^ ^Ad^g^''^^ which is induced by the inclusion T^c^xW* ~^ 
2?CjxW* is injective. 

Proof. Recall that Pc.xw ®ii oMg"'^'^ - ^b°'^\c,xW' and Dc^xw ^ Riz"^]- Thus the kernel of 



Ig — J^^B \C^xW' 

oM^i°''^^ ^ M^^°'^^ has z-torsion. On the open set x C x W* the module o°M^b''^^^ 

f(/3o,/3), 



o-^B \C,xw° is xw° -locally free. In particular it has no z-torsion, but this shows the claim. □ 

The next step is to describe the image of qM^^'-^ in In order to do this, consider once again the affine 
toric variety X'^^ = Spec (C[Fi3]), which contains the torus .95(6') = 5 as an open subset (see formula 
Denote by D the complement of S in X"'^ . We will consider X"'^ as a log scheme in the sense 
of logarithmic geometry (see, e.g., [Grollj ). More precisely, we endow X'^^ with divisorial log structure 
induced by D and W* with the trivial log structure. We consider the relative log de Rham complex 
^x-ff xw /W'(^°S P*) ([GroTIl section 3.3]). We have isomorphisms r2^„jj.^^y.y^y.(log-D) = Ox'ffxW 
/\''W. 

Proposition 3.20. Let MB he a saturated semigroup. There exists the following Rc^xW°-li'<^(^o,f iso- 
morphism 

H° fe,^o;^o(log D)[z],zd~dyFA) - o°M?-^ 



which maps uq to 1. 

Proof. We first define the i?c^ x w-linear morphism 

^ : oiWf '® i/o [n'+i;^^./^. (log D)[z],zd - dyFA 

1 UJQ 

which is well-defined by 13.41 Let 

a, 7, (5 
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be a general element in ^^"JxWViv* '-^^^ ^)\^'\ '^ith a G IN*, 7 G and 5 G IN. Then 

a, 7, (5 

is a preimage, which shows that the map if) is surjective. Notice that the restricted map 
is also surjective. Consider the following commutative diagram 



o°Mi°'-^ — H^in'+J^^^^^^i\og D)[z], zd - dyFA) 

where the upper horizontal map is an isomorphism by Proposition 13.31 and Lemma 13.41 . the left vertical 
map is injective by Corollarv l3.19l and the right vertical map is induced by the morphism 

^X'ff xw /wO-'^S ^ ^x^ff xW° /w° — ^SxW°/W°[^'^] ■ 

But this shows that °ip is also injective, which shows the claim. Notice that as a by-product, wc also 
obtain that the morphism 

^"("S^'xVFo/wo(log D)[z],zd-dyFA)^H'^{n'+;^^^^^[z^lzd-dyFA) 

is injective. □ 

4 Quantum cohomology of toric complete intersections 

We recall in this section some more or less well known notations and results concerning so-called twisted 
Gromov-Witten invariants on the one hand, and basic constructions from toric geometry for smooth 
complete intersections in toric varieties on the other hand. The recent paper |MM11| can serve as 
a reference for both topics, however, we found it useful to collect here the material we need later in 
condensed form. 

4.1 Twisted and reduced quantum I'-modules 

A smooth complete intersection inside a smooth projective variety can be described as the zero locus of 
a generic section of a split vector bundle on that variety. Associated to such a bundle are the twisted 
Gromov-Witten invariants, which we describe first. They give rise to the twisted quantum prod- 
uct, and to the twisted quantum- P-module. From this one can derive (basically by dividing by the 
kernel of the multiplication by the first Chern classes of the factors of the vector bundle) the reduced 
quantum 2?- module, which corresponds, according to |MMllj . to the ambient part of the quantum 
cohomology of the subvariety. We also discuss this reduced module here, and we define pairings (coming 
from the Poicarc pairing on the ambient variety) on both the twisted and the reduced quantum 'D-module. 

Let X be a smooth projective n-dimensional variety. Let Ci, . . . , Cc be line bundles on X which are 
globally generated and define £ :~ ^l^i Cg- We want to repeat the construction of the so-called twisted 
quantum P-module QDM(X, £) and the reduced quantum 2?-module QDM(X, £). A nice exposition can 
be found in |MM11[ Chapter 2.5]. 

For I G IN and d G H2{X, I1) we denote by Mo,i,d the moduli space of stable maps of degree d from curves 
of genus with I marked points to X. Denote by : A^o.z.d — ^ ^ the evaluation at the i marked point 



28 



for i e {1, . . . ,1} and denote by tt : Mo.i+i,d — > -A^o./.d the map which forgets the last marked point. 
Let £o,i,d be the locally free sheaf i?°7r+e;*^j^f and let £oj.d{l) be the kernel of the surjective morphism 
£o,i,d — > Sn+i£ which evaluates a section at the /-marked point. 

For i e {1, . . . , Z} denote by A/i the line bundle on Mo,Ld whose fiber at a point (C, xi, . . . ,xi, f : C X) 
is the cotangent space T*Cxi- P^^t (f)i := ci(A/i) G H'^{Mo,i,d)- 

Definition 4.1. Let I e IN, (toi, . . . , m; e W), 71, ... ,7; e H'^*{X) and d e H2{X,Z). The l-th twisted 
Gromov-Witten invariant with descendants is denoted by 

JlMo.i^d]"'"^ i=l 

where [M.q^iA'"^^ virtual fundamental class of A4o^i_d- 

Let (Tq, Ti, . . . , Tfi) be a homogeneous basis of H^*{X) such that Tq = 1 and Ti, . . . ,Tr is a basis of 
H^{X,Z) modulo torsion which lies in the Kahler cone. Let T be the torus H'^{X,(C)/2TTiH'^{X,Z). 
Then the basis Ti, . . . , T,. of H^{X, X) gives rise to coordinates g = (qi, . . . , g^) on T. 

Definition 4.2. Lei 71, ... ,72 G H^*{X, C) and q ^ T. The twisted small quantum product is defined 
by 

h 

71 C 72 := E E l''ili:-/2,Ta)o..3,dT^ ■ 

a=l dGH2{X,Z) 

Let r = C be a partial compactification of T with respect to the coordinates qi, . . . qr- In the following 
we assume that there exists an open subset U oiT such that the twisted quantum product is convergent. 
By [MM11[ Proposition 2.14] the twisted quantum product is associative, commutative and has Tq as a 
unit. 

In analogy to the untwisted case one defines a trivial vector bundle F on H'^{X, C) x /7 x C with fiber 
H^*{X, C) together with a flat meromorphic connection 

Va,„ dt„ + , V,„a,^ qad,^ + -Ta*\^ , V,a, := z^, - +^i 

where /i is the diagonal morphism defined by h{Ta) '■— ■^{deg{Ta) — (dim^X — rk£))TA and E :~ 
toTo + ci{Tx <E)£'^) is the so-called Eulcr field. 

Define a twisted pairing on H'^*{X) by: 

(71,72)*":= I 11^12^ Ctop{£) for7i,72 ei/2*(x). 
Jx 

This pairing is degenerate with kernel equal to ker mc^^^ , where ruc^.^^ is defined by 

m,,^^:H'*{X)^H^*{X) 
a Ctop{£) U a 

and satisfies the Frobenius relation: 

(71 72, 73)*" = (71, 72 73)*"' for 71, 72, 73 e H^*{X) . 
Denote by J- the sheaf of global sections of F and define an involution l by 

i : H°{X) X X [/ — > H^{X) x x 
{to,z,q) ^ {to, -z,q) . 

We define a V-flat scsquilinear pairing 

(si,S2) 1-^ 5(51,52) (to, = (si(to, -z,q),S2{tQ,z,q)Y'^ 
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We call ;= kerwct^p the reduced cohomology ring of {X,£). For 7 G H'^*{X) denote 

by 7 its class in H'^*{X). The pairing (•, •)*™ gives rise to a pairing (•, •)'''^'' on H'^*{X) by 

(7i,72r' := (71,72)*"' for 71,72 e 

Because the kernel of (•,•)*"' is ker mcj^^ this pairing is well-defined and non-degenerate. Denote by F 
the trivial bundle on H^{X) x Cz x U with fiber H'^*{X). The pairing S induces a pairing S" on F by 

5(51,52) := S'(5i,52) , 

which is non-degenerate. 

Notice that H'^*{X) is naturally graded because mcj„p is a graded morphism. Let ((/iq, . . . , i^is') be a 
homogeneous basis of H'^*{X) and denote by (c/)°, . . . , ) its dual basis w.r.t. {■,-Y'^'^. The reduced 
Gromov-Witten invariants are defined by 

(7l, ■ • -.InYotd — (71, ■ • ■.Ctop{£)ln)o,l,d 

and the reduced quantum product is 

s' 

7i-r'72:=E E '?'(7i,72,</>a)5r3'd'/'"- 

where the restriction is compatible with the multiplication , i.e. 

71 72 = 7i •7'' 72 ■ 

The bundle F carries the following connection: 

Va,„ := dt, + -To*\^\ V,„a,^ + -Ta^^'", V,a. := - .^-^ +71 , 

where fl is the diagonal morphism defined by ']I{4)a) ^{deg{(j>a) — {dimcX — rkS))(f)a and E :~ 
toTo + ci{Tx ® S"^)- One can show that V is fiat and S is V-flat. 

Definition 4.3. Consider the above situation of a smooth projective variety X and globally generated 
line bundles Ci, . . . , Cc- 

1. The triple {F,\I^S) is called the twisted quantum V -module QDM(X, f). 

2. The triple {F, V, S) is called the reduced quantum V-module QDM(X, f). 

4.2 Toric geometry of complete intersection subvarieties 

In this subsection we consider the case where the variety X from above is toric. We recall some well- 
known results on the toric description of the total space of the bundle £ resp. its dual, on Picard groups, 
Kahler cones etc. All this is needed in section |6] below. 

Let, as usual, be a free abclian group of rank n for which we choose once and for all a basis which 
identifies it with Z". Let S be a complete smooth fan in Aja := A^ ® R and As the associated toric 
variety, which is compact and smooth. We recall the toric description of the Kahler resp. the nef cone 
of S. Let S(l) = {Il>oai, . . . ,lR>oam} be the rays of S, where G N = Z" are the primitive integral 
generators of the rays of S. Then we have an exact sequence 

— > La — > 1?^^^ = — > A — > (37) 

where the morphism -» A^ is given by the matrix (henceforth called A) having the vectors , . . . , a„ 
as columns. is the module of relations between these vectors. We also consider the dual sequence 

^ A/ ^ (z^(i))^ = z™ — ^ l;^ ^ 
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where M := is the dual lattice. It is well known that as is smooth and compact, we have 

i/2(Xs,Z)~Pic(Xs)=L^, 

moreover, the group (Z^*-^-*)^ is the free abclian group generated by the torus invariant divisors on Xy,- 
We denote these generators by Di, . . . , Its images in (called Di) are thus the cohomology classes 
which are Poincare dual to these divisors, and they generate the Picard group. 

Any element in (Z^'-'^') ® R can be considered as a function on (actually on the support of S, 
but this equals N-^ by completeness), which is linear on each cone of S, these are called piecewise linear 
functions from now on and abbreviated by PL(I]). Inside (Z^^^^) E, we have the cone of convex 
functions, which are those functions "0 G PL(E) having the property that for any cone cr G E and for 
any n G Ns.^ we have '0(7^) < ip^in), where ip^ is the extension to a linear function on all of N-^ of the 
restriction ^i^. The interior of the cone of convex functions are those which are strictly convex, that is, 
those such that the above inequality is strict. Notice that any linear function on N is piecewise linear 
and this inclusion is precisely given by Mr ^ (Z^(i)) ® R. We define the nef cone /Cs of E to be 
the image under the projection (Z^^^^)^ R ^ (g> R. Its interior is the Kahler cone IC^ of E. We 
assume that K.^ is non-empty, which amounts to say that Xs is projective. Let us recall the following 
description of the cone JCs, the proof of this fact can be found, e.g., in |CK991 section 3.4.2]. 

Lemma 4.4. For any cone cr G E, put 

Ja ;= {i e {1, . . . , to} I R>oaj ^ a} 

and define 

(7 := ^ R>oA C (L^)r. 
We call a the anticone associated to a. Then we have /Cs = Ho-es ^ (IL^)]r. 

We proceed by considering the toric analogue of the situation from subsection 14.11 More precisely, let 
Ci, . . . ,Cc be line bundles on X^. We suppose that the following two properties hold 

Assumption 4.5. 

1. For all j ~ 1, . . . ,c, the line bundle Cj is nef. Notice that according to \Ful93\. Section 3.4], on a 
toric varity, Cj is nef iff it is globally generated. 

2. Let —Kxs be the anti- canonical divisor of X^. Then we assume that —Kx^ ^ Sj=i '^i('^j) ^■^ '^^Z- 
Put £ := (Bj^iCj and consider the dual bundle £^ := Tlomo^^ {£, Oxs). We have the following fact. 

Definition-Lemma 4.6. The total space Y{£'^) := Spec^,^ ^Sym^^^ {£)j of £^ , is a smooth toric 

variety defined by a fan E' which is described in the following way. First we define the set of rays E'(l).' 
For this, we choose divisors Dm+j = '^iLi ^jiDi with dji > and 0{Dm+j) = Cj. This choice is 
possible due to lemma \^^\ as all Cj are nef. Write d^ := {du, . . . ,dci) G Z'^ and put := {ai,df) £ 
N' := N X li'^ = Z"^'^. Moreover, letting Cm+i, • • ■ ,em+c be the last c standard generators o/Z™"'"'^, we 
put a/^-^^j := Cm+j- Then we let E'(l) := {R>oa;'ij • ■ • j R>oa;m-i-c} ^'^'■^ group, as before, the column 
vectors a'j^, . . . ,0^+0 matrix A' G Mat ((n + c) x (to + c), Z). This means that 



A 






Idc 



(38) 



The fan E' is now defined as follows: For any set of vectors bi,...,b,, G R*^ define {bi, . . . ,b^) := 
^>abj. Then we put 

S' {(a-,,...,a',,,e^,,...,ej^) C iV^,. | (a,^,...,a,J G E(fc), {ji, . . . , C + 1, . . . , to + c} } . 

In other words, considering the canonical projection n : — > Nji which forgets the last c components, 
we have that a' G E' iff T:{a') G E. 
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In the following proposition, we list some rather obvious properties of the cohoniology (resp. its toric 
description) of the space 

Proposition 4.7. Let X^, £i, . . . , £c o,nd the sum £ resp. its dual f ^ be as above. 

1. The projection map p : V(£^) -» X^: induces an isomorphism p* : H*{X^, Z) = H*(W{£'^), 11). 

2. Consider the analogue of sequence (j37[) for the matrix A' , that is, the sequence 

— >1La' — > = — > N' — ^ (39) 

then we have an isomorphism 

La La' 

(40) 

where Im+j ^Y^iLihdji = ~(ci(^j),{) for all j — l,...,c, and where (— ) is the non- 
degenerate intersection product between L = H2{X^,'Zi) and Pic{X^). Notice that in the definition 
of this isomorphism we consider IL a resp. L^/ as embedded into Z'" resp. 

3. The scalar extension H'^{X^,^) ^ iJ^(V(f ^), M) of the isomorphism p* from above identifies the 
Kdhler cones (resp. the nef cones) lC°x^ and IC^i^^-j-^ (resp. ICx^ and ICy(£'j))- 

4. The manifold V(f ^) is nef. Moreover, if s ^ V{X-^,£) is generic, and Y := s~^(0) is the zero locus 
of this section, then also Y is smooth and also nef. 

Proof. The first point follows from the fact that V(£^) and are homotopy equivalent. The second 
point follows from a direct calculation. For the third point notice that the isomorphism p* restricted to 
H'^{X^) is given by 

m m m+c ra+c 

:i/2(Xj:)c.0ZA/(E«fe^A)fc=i,...,„ @'LD'J{Y^a'^,D'X^,_r.+c^ H\Y{E^)) 

2—1 2—1 i—1 i—1 

m m 

i=l i=l 

We first prove p*{'ICxs) C 1Cy{£^)- Let D = Yll!=i diDi be a divisor in Xy. with D S /Cxs- Then iji^ is 
given on a maximal cone a g S(n) by € M ~ Z" which is defined by {u^,a^) = —di for G cr. The 
PL-function ■0^ is convex if and only if for all a e S(??) the following inequalities hold {u^,a,() > —di 
for alH € {1, . . . , to}. Now consider the corresponding PL- function ^p.^^,) for p*{D). Let a' £ 'S'{n + c) 
be a maximal cone in E' with cr' = (a^^ , ■ • ■ , 7 e^+i, ■ • ■ ,§.m+c)i where {zi, . . . , i„} C {1, . . . , to}. Then 
uf, e M' ~ Z"+'= is defined by 

{u^, ,gf^ = ~di for i G {ii, . . . ,i„} 

and 

(^t?''7&)=0 for i e {to + 1, . . . ,TO -I- c}. (41) 
But because of equation (|^T]) we have 

(w^',a-) = (u^,a^) > fori e {1,...,to} 

which shows that convex, i.e. p*{D) G /Cv(£^)- Now assume D' G A^v(£v). Because p* is an 

isomorphism, we can assume that D' has a presentation X^ta*^ "^'j^i which = for j G {1, . . . , c}, 
i.e. D' = p*{D) with D = X^I^i f^i^i- Let a G S(fi) and cr' G Tj(n 4- c) maximal cones with 7r(cr') — a. 
Because of the presentation of D' we have {u^, , e^) = for i G {m -f 1, . . . , m -f c}. Therefore we have 
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which shows that ip'^ is convex, i.e. D G ICxjr ■ The statement for the open parts follows from the fact 
that p* is a homeomorphism. 

For the fom^th point recall that V(f ^) is nef, i.e. has a nef anticanonical divisor, if the class of the divisor 

m c 
i=l j = l 

lies in /Cv(£v-). Because of 3. it is enough to show that {p*)~^{—Ky{£^)) lies in ICx^- But we have 

rn c m c 

1=1 j=i i=i j=i 

and the term on the right hand side lies in ICxj^ by Assumption 14.51 2. Let s G r{X^,£) be a generic 
section, then one can show that Y = .s~^(0) is smooth by repeatedly applying Bertini's theorem. The 
nefness of Y is obtained by repeatedly applying the adjunction formula and Assumption 14.51 2. . □ 



We finish this section by the following remark, which will not be explicitly used in the sequel, but 
which helps to understand the geometry of the torus embedding considered in the beginning of section 
[21 More precisely, let 5* := Spec C[Z"+'^] and denote again hy g : S P™+'= the map defined by 

(yi, . . . , ym+c) I — > (1 : y-^ : . . . : ?/-'"+<^). In section[2]we considered the factorization g : S ^ X ^ pm+c 
(with X := Im{g)) where j is an open embedding and i is a closed embedding. However, we will also 
need to consider some other factorization, namely, we write g = i?'-^-' og^^\ where g'^^^ : S — > C™ x (C*)'^ 
sends y to (y-- )i=i....,m+c and g^'^^ is the composition of the obvious open embedding C" x (C*)^ ^ ^m+c 
with the obvious closed embedding C™'^'^ ^ pm+c^ Now we have the following fact. 

Proposition 4.8. The morphism g^^'f is a closed embedding. Hence, we have 

X\Im{g) C {/io • A^m+i • ■ • • • A^m+c = 0} , 

where we use (/ip : /ii : . . . : Pm+c) o,s homogenous coordinates on p™+^ and /ii, . . . , as coordinates 
on C™+'= (resp. on (C*)'"+^ C™ x {€*Y etc). 

Proof. It suffices obviously to show the first statement. We will use a method similar to the proof of 
jRSlOi proposition 2.1]. First notice that the embedding a : S ^ (C*)'"+'^ sending y to m+c is 

obviously closed, so that it suffices to show that im(g(i))n (C™\(C*)'") x (C*)'= = 0. Recah that im{g(^)) 
is the closed subvariety of C" x (C*)"^ defined by the binomial equations 

i:l'->0 i:h<0 

for any I' G L^/ (these equations form the so-called toric ideal of A'). It was shown in loc.cit. that 
due to the compactness of As, there is some [ lying in L^i n 2i™Q. Hence, the image /' of I under the 
isomorphism (|40)) lies in x Z^q, as for the coefficient dji appearing in formula (|40)) are non- negative 
and moreover, for fixed j, not all dji can be zero. It follows that the toric ideal of A' contains an equation 



n^'*- n (42) 



i—m-\-l 



where none of the exponents is zero. Now suppose that there is a point x — (xi, . . . , Xm, Xm+i, ■ ■ ■ , Xm+c) £ 
Im{a) n (C'"\(C*)'") x (C*)^, that is, we have x^ = for some i G {1, . . . , m}, then as equation ^ 
vanishes on a:, we must have some j G {l,...,c} with Xm+j = 0, which contradicts the assumption 
that X G (C™\(C*)™) X (C*)^ Hence the intersection Im{a) n (C™\(C*)™) x is indeed empty 

and the composition of a with the obvious open embedding (C*)™+'^ ^ C"' x (C*)'"+'^ is itself a closed 
embedding. □ 
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Remark: The GKZ-systems (see definition 12. 8p associated to the matrix A' is not necessary regular, 
as the vectors a/i, . . . , a'„+c do not necessarily lie on an affine hyperplane in (see |Hot98| for this 

regularity criterion). The situation is similar to that considered in our earlier paper IRS10| . and for the 
same reasons as in loc.cit., we will work with the extended matrix A" S Mat((l + n + c) x (1 + m + c), Z) 
with columns Oq , a" , . . . , aj^+c i where a" : = ( 1 , ) and Oq : = (1,0,0). In particular we have a'/ = ( 1 , e j ) S 
^n+c+i j _ m + 1, . . . ,m + c where is the ith standard vector in C™"'"'^. We write L^" for the 
module of relations between the columns of A", obviously we have an isomorphism Lyi' — > hA" sending 
I = (/i, . . . , Im+c) to (— ^17=1^ h,L)- As a matter of notation, we will often write the parameter of the 
GKZ-systems defined by the matrix A", which are vectors in C^+™+'^ by definition, as (a, /?, 7) € C^"'"™"'"'^, 
where a G C, ^ G C" and 7 G 

5 Euler-Koszul homology and duality of GKZ-systems 

In this section, we show a duality result for the GKZ-systems associated to the toric situation just 
described. We will explain how to calculate the holonomic dual of the system M-^" ^'^^ some specific /?, 
this is used to get a more precise description of the various I?-niodule considered in sections [2] and |31 
The methods used here are close to our earlier paper |RS10j . but due to non-compactness of the toric 
varieties involved, the proofs are more complicated. 

Proposition 5.1. Let X^, £1, . . . , £c as in section^ Let A' he the matrix from in definition \4.6] (i.e. 
with columns the primitive integral generator of the fan ofY{£'^)) and A" its extension considered at 
the end of section^ Then we have 

1. The semigroup MA" is normal and the map 

^ : INA" — > {KA")° 

m I — > ZS + < + am+i + ■ ■ • + a'n+o 

is an isomorphism of semigroups. Hence the semigroup ring C[]Nyl"] is normal, Cohen- Macaulay 
and Gorenstein. 

2. The semigroup KA' is also normal and Cohen- Macaulay. We have that 

(]N^')° = «:„+! + ---+«;„+c+]NA' 

that is, any /3 G E^=i "m+j + ^ ^""^"^ {KA')". 

Proof. We will give a proof of the first statement, the second one is then an easy consequence and will 
be discussed at the end. 

The first part of the argument is parallel to the proof of jRSlOi Proposition 2.1 (2)]. Namely, for any finite 
set G ]R^ put C({5i, . . . , &J) := '^>ob, and let Conv(fe, . . . , &,,} {^^^^ X,b^ \ A, > 

0, Y^^j=i bj ^ 1} the convex hull oi bi, . . . ,b^. As a piece of notation, given a matrix B G M{k x r, R) 
with columns ti, . . . ,6^, write C(B) C{{bi, . . . ,b^}) and Conv(_B) Conv({6]^, . . . ,bj.}). Recall that 
for any cone (a'^^ , . . . , a';^^^ ) G T,'(n -\- c), we use the convention that a^^ = (cj^ , d^^ ) for k = 1, . . . ,n and 
in+i — m-\-Mor I = 1, . . . ,c, that is, a^^ ~ S.m+c- particular, we have thet a"^ = (l,aj^,dj^) G Z"+^+^ 
for A: = 1, . . . , n and af^^, = (1, e„+,) G 
We have 

C{A") = C(K, a'/, . . . ,al+J) = IJ A ■ (l,x') 

AGK.>o 

From the the condition that —Kx^ — Sj=i'^i('^i) is nef we deduce that —Ky^s'^) is nef, and then it 
follows as in |RS10[ Proposition 2.1(2)] using the toric characterization of nefness from |Wis02[ page 268] 
that 

Conv(0,a'i, . . . ,a;j+J = |J Conv(0,a-^, . . . ,£^^,6;^+!, . . . ,6^,+^. 
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Namely, the nef condition is equivalent to the fact that the right hand side of this equation defines a 
convex set, and then it is necessarily equal to the left hand side. Hence 

C{A")^ U CK', <^ J (43) 

This shows the normality of WA": Given any vector a" = (xq, xi, . . . , Xm, a^m+i, • • • , 2:m+c) G C{A")f^N" , 
then there is a maximal cone (oj^, . . . ,0^^) in S(?t.) such that x" S C(aQ,a"^, . . . ,a"^^^) Hence we have 
an equation 

n+c 

x" ^X^oli + Y^Xkoli (44) 
fc=i 

with Afc G R>o for k = 0, l,...,n + c and Afc = for all k G {1, . . . , m}\{ii, . . . , i„}. We know 
that (a-^, . . . ,ai„^J = • • • ,ai„,e,„+i, ■ • ■ i^m+c) is a Z-basis of N' as (a-^, . . • ,a-^^J is a smooth 
n + c-dimensional cone in E'. It follows that aQ,a"^, . . . .oll^^^ is a Z-basis of A^", hence G for 
k = 0, 1, . . . , n + c, and x" G WA", which is the defining property of normality of HA" . As usual it 
follows that C[Myl"] Cohen-Macaulay by Hochster's theorem ( |Hoc72[ Theorem 1]). 
It remains to show the second statement concerning the characterization of the interior points of IN^". 
We will actually show the following 



Claim: Let x" G HA" . Consider the representation of x" as an element of C(ao,a'/^, . . . ,a'/^^^), 

that is, an equation x" = X]"=o'^ Aio" G WA", where Afc = if /c G {1, . . . , m}\{ii, . . . , i„} . Then x" lies 
in imA")° iff A, > for i G {0, 77i + 1, . . . , m + c} = {0, i„+i, . . . , i„+J. 



Notice that a representation as in the claim is unique, if there are two maximal cones of S(n) such that 
x" is contained in both of the cones generated by the corresponding column vectors of A", then it lies 
on a common boundary, and the two expressions (j44p arc equal. 

The claim implies that the map ^E* from the proposition is well-defined and surjective, and it is obviously 
injective. In order to show the claim, notice that 

{HA")° = {C{A")\dC{A")) n N" = {C{A") n N") \ {dC[A") n N") = mA"\ (ac(A") n n") , 

so that we have to show that the points in dC{A") D N" are precisely those from IN A" where in the 
above representation (|44| there is at least one index i G {0, m + 1, . . . , m + c} with Aj = 0. From Formula 
we deduce that 

dciA")c U ac(a[,',<,...,<,a:;+i,..., «:;+,). 

More precisely, for each (a.j^, . . . ,0,^ J G S(n) the cone C(aQ,a,"^, . . . ,a"^,am_|_i, • . ■ ,0^+0) has two types 
of facets: those that are facets of dC{g^,gf(, . . . ,0-^+^) (call them "outer boundary") and those which 
arc not ("inner boundary"). The union (over all n-dimensional cones of S) of the outer boundaries is 
the set 9C(ao,a"^, . . . ,a"^^J we are interested in. Moreover, for any subset {ii, . . . ,ik} of {1, . . . ,m + c} 
we have that 

aC(a[,',<,...,0= U A.(l,£')- (45) 



x' Conv(0.a' ,a' ) 

— V 11 '— ij. ' 

AGR>o 



In particular. 



and we have 



dC{A")= y A. (1,2') 

Conv(0,a_i .... ^^jn^iT--^§.m+ri) 
AeR>o 



d Conv(0, a'l , . . . , a^,, e„+i , . . . , e„+ J C |J 9 Conv(0, a , . . . , a , e„+i , . . . , e„+ J . 
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with a description of 9Conv(0,a'j, . . . , aj,^, e,„_|.j, . . . ,e„_|_c) similar to the one above as the union of the 
"outer boundaries" of aU d Conv(0, aj^ , . . . , g!^^ , e„iJri^ ■ ■ ■ ■• 2m+c)- 

We deduce from the fact that S' is smooth (simphcial is actuahy sufficient) that we have the following 
decomposition 

aConv(0,a^^,...,a^J = 9Conv(0,a,^^, . . . ,a^^,e„+i, . . . ,e„+J 
= Conv(a^^ , ■ • • , ' Sm+i , ■ • ■ > J U IJ Conv(0, a^^ , . . . , a',^ , . . . , a^^ , e„+i , . . . , e,„+ J 

c 

U U Conv(0,a,^^,...,a^^,e„+i,...,e„+,,...,e„+J 

1=1 

The facet Conv(0, a^^, . . . ,a'j^, . . . ,ai^,e„_|.i, ■ • • ,e,„+g) is an inner boundary, i.e., it is not contained in 
9 Conv(0, a']^, . . . ,a^,e„_|_]^, . . . ,e,„4_^). This is a consequence of the completeness of S, namely, there is 
some other cone (a^-^ , . • . , ) G S having (a^^ , • ■ • , 0^^. , ■ • ■ , ) as a facet, and then similarly the cone 
Conv(0, a -J , • ■ • , a , • ■ • , a ■„ , e„+i , ■ ■ ■ , e,„+ J is a facet of both Conv(0, , . • . , a , e„_^i , . . . , 6^+^) and 
Conv(0,aj-^, . . . ,0^-^,6^+1, • ■ • ,em+c)i hence it is not contained in i9Conv(0,a2, . . . ,a^_|_p). 
However, both Conv(a^^ , ■ • ■ , aj,, , e„+i , . . . , J and Conv(0, a , . . . , aj„ , e^+i , . . . , e„+, , . . . , e„+ J (for 
Z = 1, . . . , c) arc facets of Conv(0, a'j^, . . . , a^+c)' i-'^-i they arc outer boundaries. We conclude that 



aConv(0,ai, . . . ,a^,+c) 



U 



Conv(a , 



U Conv(0,a-^, . . . ,0^^, e^_|_i, ■ . ■ , e^+;, • ■ • , Sm+c) 
(=1 



Using Equation (|45|) . this gives 



ac(yi") = ac«,a'/,...,<+j 



U 

(o; ,...,a. )6S(?i) 



■m+c/ 



(=1 



, a, , a 



■m+l ' ■ 



Now we see that for any point dC{A") n N , either the coefficient Aq or the coefficient \m+i for some 
I G {1, . . . , c} in the representation (jH]) is necessarily zero. This shows the claim, and proves that the 
map is an isomorphism. Finally, it follows from standard arguments about semigroup rings (sec, e.g. 
jBH93[ corollary 6.3.8]) that C[]NA"] is Gorcnstcin. 

We now show the second statement. First wc deduce from the above arguments that wc also have 
C{A') nN' = MA', that is, that fiA' is normal. Namely, consider the projection p : N-^ -» N-j^ forgetting 
the first component. Applying p to both sides of equation it follows that 

C(A')= U C«,...,a^J. 

On the other hand, the smoothness of the fan E' gives that C{a[_^ , • ■ • , H N' = J2]=i ^^ij fo'" any 

Oj^, . . . jOj^^^ such that (flj^, . . . ,a^^) S E(n). In conclusion, we obtain that C{A') n N' = KA', that is, 
^A' is normal. In particular, we have (1NA')° = {C{A')\dC{A'))r\N' . From the definition of the matrix 
A" we see that p{C{A")) = C{A'). Wc claim that 

piC{A")\dCiA")) = C{A')\dCiA'). (46) 

This can be seen as follows: For any point x" e C{A")\dC{A"), there exists a small £ such that 

4-l'"''(x") C C(A"), (47) 
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where | • \^^^ is the maxnTium norm on Nj^ = 11'"+''+-'^ and {x") is the open n + c + 1-dimensional 

hypercube with "radius" e. Put x' :— p{xl'), then we have p(-Bi ' (x")) = i?i ' {x') and equation 
(|T7)) shows that this n + c-dinicnsional hypercube is contained in C{A'). Hence x' € C{A')\dC{A') so 
that p{C{A")\dC{A")) C C{A')\dCiA'). For the inverse inclusion, take x' G C{A')\dC{A'), then again 
there is an n + c-dimensional hypercube bI ' {x') contained in C(A'). By construction, the cone 

c({(l,x')e{l}x7V^,U'G4l"'°''fe')}) 
over this hypercube is contained in C{A"). Then there must be some e' < e such that 

B^,r{x:') c C ({(i,x') e {1} X TV^, e (£')}) c 

where x" := so that finahy x" € C(A")\aC(A") and the equahty (|46|) holds. 

On the other hance, the definition of the matrix A" shows that 

p {C{A")\dC{A")) = p « + g/:^^, + ...+ a;;+, + C{A")) = gl„^^, + . . . + d,n+c + C{A') 

SO that we obtain 

c 

(]NA')° = ^dj + mA' 

as required. 

□ 

As a consequence, we obtain the following duality result for those GKZ systems that we will be interested 
in the sequel. 

Theorem 5.2. Let A" as above, that is, suppose that its columns {doi di, ■■■ idm+c) '^''^ the form 
dl = (Ijfii) where do = (IjQ) and where di (i = 1, ■ ■ ■ ,m + c) are the integral primitive generator of the 
fan o/ V(f ^). For f3 £ ^1+'"+^ consider the GKZ-system M%, as in definition\K^ 

1. There is an isomorphism 
and we call the map 

induced by right multiplication by do ■ dm+i ■ ■ ■ ■ • dm+c the duality morphism. For any Po £ Z, we 
obtain an induced morphism 

given by right multiplication with dm+i ■ ■ ■ ■ ■ dm+c (see \3.1\ for the definition of the modules ). 
The case /3o = —2c will be particularly important, and we will also call the map 

the duality morphism. 

2. Consider the natural good filtration F,A4^,, induced by the order filtration on T>. Let D(A^^„, i^,) 
be the dual filtered module in the sense of \Sai88[ section 2.4], i-S-, B{M%,,F,) = (DA4^„,i^°) 
where F^{3M%,) is the filtration dual to F,M%,. Then we have 
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Proof. 1. The proof is parallel to jWalOTl Proposition 4.1] or jRSlOi Theorem 2.15 and Proposition 
2.18], so that we only sketch it here, referring to loc.cit. for details. First one has to define the 
so-called Euler-Koszul complex resp. co-complex (see jMMWOSj ). Its global sections complex 
K,{T, E — (3) is a complex of free Dy T-modules where R = C[9o, 9i, . . . , dm+c] and where 
T is a so-called toric i?-module. A particular case is T = C[]NA"]. Notice that the terms of 
K,{T,E — f3) are not free over Dy- However, for T = <C[KA"], this complex is a resolution 
by left Dy-modules of the modules Af^„.The differentials of K,{T,E — (3) are defined by the 
operators E and Zk entering in the definition of M^„. From a resolution of the toric ring C[INA"] 

by free G[do,di, . . . ,dm+c]-T^odules one can also construct a resolution of M^,'r'-^ by free Dy- 
modules. Applying HomD^{—,Dy) yields basically the same complex, but where the parameters 
in the differentials are changed, and where the toric module is now the canonical module of the 
ring C[INA"]. Now from the Gorenstein property of C[INA"] with the precise description of the 
interior ideal from proposition 15.11 we obtain the desired result by taking the cohomology of the 
two complexes, that is, we can show the identification of the holonomic dual of with 

2. The proof is literally the same as in [RSlOi proposition 2.19, 2.] with the indices shifted appropri- 
ately. 

□ 

As a consequence, we can make more specific statements on the parameter vectors of the various GKZ- 
systems occuring in the results of the previous sections. 

Corollary 5.3. Consider the situation in section\^ where the matrix B is A' , i.e.,jjiven by the primitive 
integral generators of the fan o/ V(£^), in particular, both KB = KA' and KB = MA" are normal 
semigroups. Then 

1. The statements of Theorem \2.1(A Theorem \2.14\ and of Provosition [KT5\ hold true for /? — (0,0,0), /3' = 

(c+ 1,0,1) e ^1+"+^ 

2. The statements of Proposition\EI^ and of Theorem\^hold true for /3 = (0,0), = (0,1) £ 
and for any /3o, /^o G ^• 



6 Mirror correspondences 

In this section we combine the results obtained so far with the GKZ-type description of the ambient 
resp. reduced quantum P-modules from |MM11| for the toric case. We obtain a mirror statement 
which identifies them with 2?-modules constructed from our Landau-Ginzburg models. The results from 
section [3] will be applied for the case where the matrix B (used for the construction of GKZ-systems 
and of families of Laurent polynomials) is given by A' (see definition 14. 6|) the columns of which are the 
primitive integral generators of the fan of the total bundle V(f ^). Recall also (remark at the end of 
section U]) that we denote by A" the matrix constructed from A' by adding 1 as an extra component to 
all columns and by adding (1,0) as extra column. Hence, if B is equal to A', then the matrix B used in 
section [2] is exactly the matrix A" . Recall also that the parameter of the GKZ-systems of the matrix A" 
is written as (a, 7, 5) G €1+"*+^ with a £ C, 7 S and J G 

The starting point for our discussion here is the duality morphism from the last section. We need to 
consider a slight variation of it, which is defined only outside the boundary Ai = and only on the tame 
locus defined in subsection 13.21 Recall that V = Caq x W , and that the bad parameter locus of the 
family ipAi was called W^"''^ C W. The complement of this locus outside the boundary = was called 
W°, that is, W° := W*\W'""'. 

Definition-Lemma 6.1. For any (3 = (/3o,/?i, . • . , l3„i, /3m.+i, ■ ■ ■ , Ai+c) G 2^+"+"^, consider the GKZ- 
system as well as Fourier- Laplace transformed version Ai^, as introduced in definition \ 3. 1[ Let j 

denote the inclusion W* ^ W. Then we put*M% := (idc, xj)+7W^, resp. *oM% := (idc, xj)* (oM% 
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Moreover, we define the modules W^, as the cyclic quotients ofDc^xwiz ^] by the left ideal generated 
by □/ for I G L^/ and Ek — z/?fc for fc = 0, . . . , n + c, where 



n Ai-a^ n Y[{Kd,-u) 

ie{l,...,m}: li>0 ie{m+l,...,m+c}: li>0 ^^=1 



iG{l,...,m}: ;i<0 i£{rn+l....,m+c}: li<0^=l 



En := 



El, 



YJt=i °''ik^i ■ ^(^i \fk = 1, . . . ,n + c 



Consider the morphism 



(2c,0,l) 



(48) 



given by right multiplication with z'^ ■ YiilXi+i Ai- '■^ obviously invertible, the two modules *J\f'^,'~'~^ 



and *Mj^) 



{2c, OS) 



are isomorphic. We define (j) to be the composition (f) := (j) o , where (f) is the duality 



morphism form Theorem \5.2l In concrete terms, we have: 



*r/<o,o,o) 



: *<? 



*M 



(-c,0,0) 



(49) 



m 1 — > (t>{n-i ■ ■ A,„+i • . . . • A„i+c) = rri ■ (zA,„+i9,„+i) • 
In view of corollaru \5.S[ 2., we obtain 

For any j3 G 1?-^'^"^'^ , consider the TZc^xW* -subalgebra of 

'Dc.xW'lz'^]/ (^{ni_)j^^^^,{Ek - 2:/3fe)fc=0,...,n+c) 

generated by the element [1] and denote its restriction to x W° by qW^, . Similarly to corollaru \3.19\ 
we have 



('-'i)76L,,' i^k - Z ■ l3k)k=Q,...,n+c 



As in |RS10[ section 3], we proceed by studying the restriction of the modules *A^^„, *A^^„ and *J\f^^,, 
to the Kahler moduh space of Y{£^) as described in the second part of section 0] (see Lemma [4.41 and 
Proposition 14. 7p . The fohowing construction has some overlap with the considerations in subsection 
on which we comment later. 

We apply -ffomz(— , C*) to the exact sequence ([55)) to obtain the following exact sequence 



(C* 



\n+c 



(C*) 



m-\-c 



(50) 



We will identify the middle torus with Spec C[A]^, . . . , A^^^,], this space was called W* in section [21 
Chose a basis (pi, . . . ,Pr) of L^, with the following properties 

1. Pa e /Cv(£v) = Kxj, for all a = 1, . . . , r, 

Using the basis (pa)a=i,...,r, we identify L)^, ® C* with (C*)*" and obtain coordinates qi,. . . ,qr on this 
space. We will write /CM for this space and call it complexified Kahler moduli space. Notice that the 
choice of coordinates is considered as part of the data of /CM, that is, we really have /CM = (C*)*" and 
not only KM = h\, (g)€*. 
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Consider the embedding L^' ^ Z™"'"'^, which is given by a matrix L G Mat ((to + c) x (n + c),Z) 
with respect to the basis p"^ of L^' and the natural basis of Chose a section 2™+'= -> L^' 

of this inclusion, which is given by a matrix A/ G Mat(r x (m + c),Z). This defines a section on 
the dual lattices, i.e. a section L^, — > Z™+'= of the projection — !■ L^, and a closed embedding 
g' : KM. = (C*)'' ^ W^*. We will need to consider a slight twist of this morphism, which is given by 
composing it with the involution of i : W* -> W* given by t(Ai) := (— l)'^(i) with e{i) = for i = 1, . . . , to 
and e{i) = 1 for i = m + 1, . . . , to + c. Denote by g : KM — (C*)'' '-^ VK* the composition g' o l. By 
abuse of notation, we will also write g for the the composition with the canonical open embedding 
W^* ^T^ = Spec C[Ai,...,A™+,]. 

We will further restrict our objects of study to that part of the complexified Kahler moduli space 
that map to the set of good parameters in W = as discussed in subsection 13.21 Hence we put 

KA4° := g^^{W°) C KM, and (again by abuse of notation) we write g for both of the composed 
embeddings KM° ^ W° and KM° ^ W° W . 

We can now define the main object of study of this paper. We are going to use the constructions of 
the subsections 12.41 and 13.21 in particular, the diagrams (|T7l) . ((2T|) and ((33|) . We consider the composed 
morphism a o /3 : Zx <Dx, x KM as defined by diagram (HH). Let ~ {a o /3)-i (Cao x KM°) C Zx 
be the subspace which is parameterized by the good parameter locus KM° inside KM. 
For future reference, let us collect the relevant morphisms once again in a diagram, in which the spaces 



Z° Z 



Z'^ and G° are defined by the requirement that all squares are cartesian. For simplicity of the 



notation, we denote by a,/3, 71 and 72 also the corresponding restrictions above Caq x KM'^ 




Cao X KM' 



(51) 

Definition 6.2. The non-affine Landau- Ginzburg model associated to {X^,Ci, . . . ,Cc) is the mor- 
phism 

n : Z,^ ^ Cao X KM° 

which is by definition the restriction of the universal family of hyperplane sections of X, i.e, of the 
morphism Trf o t] : Zx V to the parameter space KM° . We recall once again that X is defined as the 
closure of the embedding p : 5 — > P(V^') sending (j/i, . . . , yn+c) to (1 : y-i : . . . : 2/-™+<:). 



We also consider the restrictions tti = a o /3 o 7^ 
a o /3 o 71 o 72 : a° = S" X KM° :^ 



X'^ff X KM' 



Cao X KM° resp. 7r2 = 



Cao X KM° ■ These are nothing but the family of Laurent polynomials 

/ 7n rn-\-c \ 



i— m+l 



where the monomial y-' is seen as an element of Ox<^ff in the first case and as an element of Os in the 
second case. Here is the i 'th column of the matrix M G Mat(r x (to + c), Z) from above. Notice that 
the first component of tt has been splitted in two sums with opposite signs of each summand due to the 
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action of the involution l entering in the definition of the morphism g : )CM° ^ W. Both morphisms tti 
and TT2 are called the affine Landau- Ginzburg model of {X^,, Ci, . . . , Cc)- 

As wc will see later, the affine Landau-Ginzburg model is related to the twisted quantum "D-module 
QDM{Xy,, £) whereas the reduced quantum 2?-module QDM{X-s, £) can be obtained from the non-affine 
Landau-Ginzburg model 11 : — > Ca,, x /CM°. The next results are parallel to |RS10[ corollary 
3.3. and corollary 3.4]. They show that the calculation of the Gaufi-Manin system resp. the intersection 
cohomology 2?-module from section[2]can be used to describe the corresponding objects for the morphism 

n. 

Lemma 6.3. Consider, as in subsection \3.1l the localized partial Fourier- Laplace transformation, this 
time with base KM° , that is, let jr : C; x KM° x KM° , jz ; C* x KM" x KM" and put 

I^LJcvi" ■= jz.+jr ^^km" ■ Then we have 

1. 

Similarly, the isomorphism 

holds. Notice that the embedding (idc^ x g) is obviously non- characteristic for both of the modules 
A^^Tf--^ and t/V"^?;-'-' as their singular locus is contained in ({0, oo} x /CM°)U (P^ x (C^V/CM")) . 

Hence, the complexes (idc^ x g)~^ M^^,^'~'~^ and (idc, x g)^ *Afj^,',~'~'' have cohomology only in degree 
zero. 

2. Let F : X""^ x /CM° — >■ Caq be the first component of the morphism tti , then we have the following 
isomorphism of TZc^xkm° -modules 

H'^^'i^X'S.KMVKM^i^og D)[z],zd~dF) - (idc. X5)* (o*A?<ir^2.o)^ (53) 



3. Denote by (— )' the duality functor in the category of locally free Oc-xKM° -modules with meromor- 
phic connection with poles along {0} x /CM°, that is, if (J^, V) is an object of this category, we 
put (J-", V)' := (Himo^ x/cm" (-^' '-^C^xO^"); V), where V is the dual connection. Notice that the 
'R'C^xKM°-i^odules from isomorphism (j52p are actually objects of this category. Notice also that the 
duality functor in the category of TZc^xKM° -modules (i.e., the functor £xt^^^ T^-c. x04°) j 

restricts to (— )' on the subcategory described above (this follows from WS031 Lemma A. 12]). 
There is an isomorphism of TZc^xKM" -modules 

(i/"+^(17^„^,^„/;^„(log D)[zizd~dF))' ^ (idc, xg)* (oWl?'2.2)^ 

Proof. 1. The proof of the first isomorphism is the same as jRSlOi corollary 3.3]: Consider the carte- 
sian diagram (which is part of the diagram (|5ip ) 

g°^SxKM° ^r=^S'xW (53) 

7r2 

id€\„ xg 

Cao X KM°^ ^ V 

then the base change property (Theorem 12. ip and the commutation of FL'"*^ with inverse images 
shows that 

FL^o(H"7r2+OsxK:M=) = (idc. x.g)+^+, 
where is the T>£^ xVF-module introduced in subsection 13. 1[ and then one concludes using 



Proposition 
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Concerning the second isomorphism, notice that the base change formula for diagram also holds 
for proper direct images, at least in the case where the horizontal morphisms are non-characteristic 
embeddings for the modules in question. This is the case by Proposition l2.20l 2., so that we obtain 

FL^o (H%2tOsxK^=) = (idc. X5)+FL'i^= {n^BAOsxw) = (idc. xg)+gt, 

The second part of corollary 15.31 (and the second part of Proposition 13. 3p tells us that ^ 
^-(c,o,i)^ However, the isomorphism "i! : *Aff,'-'-^ — > *A^^P'^'-'--' given by right multiplication 
with z'^ ■ Xm+i ■ ■ ■ ■ ■ ^m+c (sec cquatiou (|48|) ') shows that 

so that finally we arrive at the desired equality 

In order to show the statement, notice that by definition ^^"^'^(f^^ajj xvf'/vf* (^"^S D)[z], zd — dF) 
is the cokernel of 

that is, the cokernel of an Oc^ xw* -linear morphism between free (though not coherent) Oc^xW" 
modules. Hence tensoring with Oc^xKM° yields the exact sequence 



^)[^] ^"^^ f^^tr^xKA.o/K^o(log D)[z] 



Oc.^xKM^ ®o,^^„, H"+-{n'^^,^^,^^,{\og D)[z],zd-dF) 
from which we conclude that 

^"+'(f^^«ifxK>(=/KA<°(log D)[z],zd-dF) = 

Oc^xKM^ ®Oc.xw. H"^%^X'^ffy.W'/W'i^O& D)[z],zd~dF). 
We know by Proposition 13.201 that 

i^"+'=(f^x«i?xW./w.(log D)[z],zd-dF)=o*M^A"'-'-^- 
Hence the desired statement, i.e.. Formula (j52[) follows. 



Consider the filtration on T^c^xW which extends the order filtration on 7)^ and for which z has 
degree —1 and dz has degree 2. Denote by G, the induced filtrations on the modules and 
*M^^,'^'-^\ in particular, we have Go (^i^'^'fi)) = ^f '-^^ and Go (^U^,'''-^^) = o*M^a'''-'-^ ■ 

Similar to the proof of jRSlOi Proposition 2.18, 3.], we consider the saturation of the filtration F, 
on by d^^. More precisely, we first notice that Lemma [3.21 can be reformulated by saying 

that for any f3' = (/3^, /?(,..., P'^+J G we have 

where /Sq — (3^ + 1 and /S^ = /?■ for i = 1, . . . , n + c and where we write M^„ [d^g] ^^vid^g] ®Vv 
Ad^ii. Now we consider the natural localization morphism loc : M^,, — ?► A^^„[9j^^^^] and we put 

As we have 

FkM^. [9;^!] = zm (at C[Ao, Ai, . . . , A,„+,] {di;;,dl^dx, , . . . , d~^dx^^:^) in M^, [d^^] 
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the filtration induced by FkM%,[dx^] on M% is precisely GkM%. From jSai89[ formula 2.7.5] 
we conclude that 

where G'^A^^;-'-'' is the filtration induced by the saturation of the filtration on Al^/r'-'' dual to 
the order filtration F, on A^^ff^^ Theorem 15.21 2. implies that 

*r7( 1,0,0) _ ^ *r7( 1,0,0) 

SO that 

Multiplying this equation by z'^, we obtain 

(G.Al-P^'^-i')'=.G.+„+iA?-(^-^-2-2), 
where = — c. Moreover, we evidently have 

r ■ r, a7-(c-i,o,o) ^ r7-(c,o,o) 

so that 

{gMT^'-^')'-g,^Ma^'^'-''. 

The isomorphism from Formula (j48p satisfies 
In conclusion (i.e., putting fc = 0), we obtain 

|^^,^(0,0,0)y ^ ^c-n . ^*X?(,-c,0,0) ^ *^(^-c,0.0) 

and then the statement follows from part 2. from above, as multiplication with z is invertible and 
as the inverse image under idc, y.g commutes with the functor (— )'. 

□ 

Now we can construct a I?c^ xACM°-Enodule from the non-affine Landau-Ginzburg model 11 : Z'^ — > 
Cao X KM.° that will ultimately give us the reduced quantum P-module. It will consist in a minimal 
extension of the local system of intersection cohomologies of the fibres of 11. 

Proposition 6.4. 1. Consider the local system C and Oy-free module Co from Proposition \2.12\ 
Then 

- (idc,„ x.g)+ ©Co) . 

Recall that A4^^{Z'^) is the intersection cohomology D-module of Z'^, that is, the unique regu- 
lar singular Vz" -module supported on Z'^ which corresponds to the intermediate extension of the 
constant sheaf on the smooth part of Z^ . 

Using the Riemann-Hilbert correspondence, the above isomorphism can be expressed in terms of the 
morphism 11 as 

PH'RnjC{Z°x) - (idc,„ xg)* {{jx^),ICiX°,C)(BCj) 

where jx" '■ Xq ^ V is the canonical closed embedding, where is the local system corresponding 
to Co and where denotes the perverse cohomology functor. 

2. We have isomorphisms of V^^xKM^-i^odules 

FL^o (H°a+>1^^(Z^)) - (idc, x.g)+X^(X°,£) = (idc. xg)+im(0), 
where 4> ■ — > *A1^/^~'~'' is the morphism introduced in definition ] 6. 1\ 
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Proof. 1. As the inclusion Z° ^ Z is open and hence non-characteristic for any T'^-module, the asser- 
tion to be shown follows from Proposition l2.20l fmore precisely, from Formula ([H])) and Proposition 

2. The first isomorphism is a direct consequence of the last point, using again the commutation of 
FL''''^ with the inverse image and the fact that the Oy-frcc module Cq is killed by FL^^. The 
second isomorphism follows from equation (|49p . 

□ 

For future use, we give names to the P-modules on the Kahler moduli space considered above. We also 
define natural lattices inside them. 

Definition 6.5. Define the following 'Dc,^km° -''modules: 

QMa' ■■= (idc. X5)+ and QM'a^ (idc. xg)+ (im(^)) . 

Define moreover 

oQMa' (idc. xg)* (oXl'];^'®) and ^QM\9 (idc, xg)* (oWi?;^'^') ) , 

where here the functor (idc, x*;)* is the inverse image in the category of holomorphic vector bundles on 
Cz x 1CM° with meromorphic connection (meromorphic along {0} x KA4°). 

We proceed by comparing the objects QMa' and QM^ just introduced to the twisted and the reduced 
quantum X'-modulc from section 2] For the readers convenience, let us recall one of the main results 
from |MM11| which concerns the toric description of the twisted resp. reduced quantum P-modules. 

Theorem 6.6 f |MMll[ Theorem 5.10]). Let as before, and suppose that Ci, . . . , Cc are ample line 
bundles on Xy: such that —Kx^, ~ "■^/- ^"^^ again £ :— ©j^^-Cj. For any C G Vic(Xy,) with 

ci('C) = Z)I=i daVa e L^, we put C = I]I=i zdaQadq^ G Tlc^xKM" ■ Define the left ideal J ofTZc,xKM° 
by 

where 

Qi := n nV^.-i^^) n nU.+yz) 

ie{l....,m}:h>Q v=0 ^ ^ ie{l,...,c}:Z,„+j>0 1^=1 ^ ^ 

- n 'n'(5.-^^) n 'ff7^,+^^) 

JG{l,...,m}:;,<0 ^=0 ^ ^ je{l,...,c}:/™+3<0 i>=l ^ ^ 

E := z^dz - AV(f:v) 

Here we write Vi G Pic(Xs) for a line bundle associated to the torus invariant divisor Di, where i — 
1, . . . ,TO. Notice that the ideal J (or its global section module) was called G in \MM11[ definition 4-3]- 
Moreover, let Quot be the left ideal in TZc, xKM" generated by the following set 

{P G nc^xKM- |ctop - P G J}, 

where Ctop := Y['j=i ^j- define V :~ Ti-c^xKM" I J and 7"'°*^ :— TZc^ xkm° I Quot. Notice that we have 
J C Quot, hence there is a canonical surjection V p'^s 

Put B* :~ {q G (C*)'" | < |q| < e} C KA4° , then there is some e such that the following diagram is 
commutative and the horizontal morphisms are isomorphisms of TZc^xBi -modules. 

V\c.xBt = ^ (idc. xMir)* (QDM(Xs, £)|c.xs.) 



(idc, xMir)* (QDM(Xs,f)|c.xs-) 



-pros 
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Here Mir is the mirror map, as described, e.g., in JMMlli Theorem 5.6]. 



We are now ready to state and prove on of the main results of this paper. 

Theorem 6.7. We have isomorphisms of TZc,^km° -''modules 

V^oQMa' and V""^ ^ qQM^^ ■ 

Proof. The first isoniorpliisni follows from a similar argument as |RS10[ Proposition 3.2], namely, the 
section g : KLM° ^ W can be used to consider yi, . . . , yn+c, Qi, ■ ■ ■ ,qr as coordinates on W, and then it 
is easy to calculate that the operator \3i from the definition of the module *J\f^,'-'-^ (definition 16. ip takes 
exactly the form Q| in these coordinates. Notice that there is a difference of signs in the factors of the 
operators □ and Qi_ corresponding to the vector bundle variables. This sign can be shifted into the factor 
q- and then it is taken care of by the twist t entering into the definition of the map g. The operators Ek 

are transformed into yudy^. for any k = 1, . . . , n + fc, and the operator Eq becomes zdz — i^v(£v)- Taking 
the inverse image under idz y.g then means forgetting dy^, and putting y^ to 1, so that we arrive exactly 
at the definition of the module V from Theorem 16.61 

Concerning the second isomorphism, we first construct a surjective morphism of TZc xjcm° -modules 



oQM'ju -» 7"°". Consider the set 



{P e 7^c. xiCMo I 3n G IN : (ctop)" -PeJ}. 
One easily checks that this is a left ideal in TZcxkM"- It is evident that we have an inclusion 

{P e 7^c.xKA4= l^top -PeJjciPe Uc^-^km- | 3n e IN : (^op)" -PeJ}, 

and as the ideal Quot is by definition the smallest ideal containing the left hand side, we obtain that 

Quot C {P e 7^c, xiCMo I 371 £ IN : (?top)" ■ P ^ J} ■ (54) 
Recall from definition 16.51 that 

oOMi? = (idc, xg)* (4> (oWl°'2'2^) ) . (55) 

Notice that the morphism sends o*A/'^?'~'~'' into o*A^|4/^ and we obviously have 
Ker {J : oWi?'2^2) ^ „*^^;-2.a)) = Ker[i) n oWi?^^.© 

On the other hand, we have 

Ker{4>)=Ker (0|c,xw °*) = (^?'(^)|c. xiv-) 

where ^ : *7V^?'~'~'' — > J;'^'^'-'^ is the isomorphism from definition 16.11 and (j) ■ — > 
c,o,o) duality morphism from Theorem 15.21 that is, the morphism induced by right multipli- 

cation by dm+i ■ . ■ ■ ■ dm+c- Notice that ^ : o W^? o*A^a'^^'^'~'~'' thai we obtain 

The following description of the kernel of (j) can easily be deduced from Theorem 13.61 
KerQ) = {[Q] e A^^P^'^d) | 3,, ^ jn ; [(a,„^^ ..... • Q] = G 
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Next we calculate the inverse image under ^' of the right hand side of the last formula. We have 

*-i(/Ce.r(?)|c,xW*) 

= { [Q] e I 3n e F : [(a^+i • . . . • 9™+,)" ■ Q ■ ■ A„+i • . . . ■ A™+,] = £ TW^f'^^^.i) | 

= I [Q] e Wl"^2,o) I 3^ g H : • . . . • 9™+,)" • Q • • A,„+i • . . . • A,„+c G 

(□i),eL^, + (-Bo + 2c) + + (-Bfc + 1)^ 



tA + ro(i?o + 2c) + Yl=i ^kEk + Efci'+i ^fe(^fe + 1)] (^'A„+i ■ . . . • A™+c)-i| 

I [Q] e I 3n e IN, 3rk,ti_ £ Pc. x : (9m+i • • • • • 9rn+c)" • Q = 

tl{z'''^m+i ■ ■ ■ ■ ■ Xm+c)^^Oi_ + ro(z^A„i+i • . . . • \„i+c)~^{Eo)+ 
J2k=l ''fc(2^A„i+i • . . . ■ Xm+c)^^Ek + J2k=l ^fe(^^A,„+i • . . . • \,n+c)^^Ek] 



- {[Q] e I 3„ e ..... o^^^)n . Q] ^ e Wl?'^'^)} 

= {[Q] e *AA(°'2'2) I 3n G M, [((zA„+ia™+i) • . . . • (zA^+^a^+c))" ■ Q] = e *A/1°'2'®} 

The last isomorphism follows from the fact that the modules *Af^,'-'-^ are localized along z and Xi for 
any z = 1, . . . , 7ti + c. We conclude from the above discussion that 

- {[Q] e oWl?'2'2) I 3n e IN, [((zA™+i9^+i) • . . . ■ (zA^+^a^+c))" ■ Q] = G o*A^i°'--^} 



Hence we obtain from equation (jSSp that 

.rr(o,2,a) 
A/ ., 



• r?(o,o,o) 



,{[Q]eo-A?-^/-'-Ma"eMj((zA„+ia„+i)-...-(2A„+,a„+,))"-g]=oeoWj^°/2.m 

= Tec, xk:m°/ ({-P G Rc^xkmo | 3n g IN : (?top)" • G J}) 
This last statement, combined with Formula (|54p shows that there is a surjcctivc morphism 

oQMi? V""' 

of T^-c, X 04° -modules. 

The next step is to show that this is actually an isomorphism. First notice that P'"*^ is Oc. xk:m° -locally 
free (this is shown in |MM11[ Theorem 5.10]), and that qQMa^ is at least Oc^ xACM° -coherent (it is the 
image of a 0^x04° -linear map between Oc^xO/i" -locally free modules). It hence suffices to show that 
the fibre dimension of oG^l? is the same everywhere and does not exceed the rank of p^'^^. Here we 
use the same strategy as in [MMlll proof of Theorem 5.10]. Namely, it is sufficient to show that the 
induced morphism i^QM-a^/z ■ oQM^ — V^^^/z ■ V^°^ is an isomorphism. This implies that the fibre 
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dimension of qQMj^ is the correct one for all points with z = 0, but on z 7^ the rank of oQ^i? 
cannot be greater than that of the restriction to z = (in a neighborhood of 2 = this follows from the 

xKAi°-coherence, and the flat structure on {oQM.j^)\ic*-kkm° gives it everywhere). 
In order to show that iMMj^/z-^OMj^ -pros^^.^rcs -g ^^-^ isomorphism, let us consider the reduction 
modulo z of the morphism of 7?.(c^ xiCM° -modules 

that is, the Ox:M°-lhiear morphism 

oQMa'/z ■ ,QMa. = 9* (oM^'^'/z ■ 9* (o*A^^r-2'2)/z . o*A?i7^'2'2)) (56) 

given by right multiplication with Ctop. It follows from the definition of the module oQ^l? that oQAAj^ / z- 
oQM^ is the image of the morphism ([55)) . We are thus left to identify the image of this morphism 
with the module V^°^ / z ■ 'P'^°^, The latter has been described in |MM11[ Lemma 4.16] as the so-called 
residual Batyrev ring, namely, the quotient of the Batyrev ring (" [MMllI definition 3.12] by the kernel of 
multiplication by Ctop. Notice that both modules occurring in Formula (|56p are canonical identified with 
the Batyrev ring, and that under this identification the morphism itself is nothing but multiplication by 
Ctop. Hence its image is isomorphic to V^'°^/z ■ 'P'^^^^ as required. □ 

Combining Theorem 16.71 Theorem 16.61 and Propositions 16.31 and 16.41 we obtain the following mirror 
statement. 

Theorem 6.8. Let and L\, . . . , Cc as in Theorem 1 6. (A Consider the affine resp. non-affine Landau- 
Ginzburg models tti = {F,q) : X°-S x KM° Cao x KM° , tt2 : S x KM° -> Ca„ x KM° and H : Z^- 
Z° Cao X /CM° associated to {X-^,, £1, . . . , Cc)- Let B* C /CM" be the punctured ball from Theorem 
1 6. 61 Then there are isomorphisms ofDc^xB' -modules 

FL^o (H07r2tOsxKM=)|c^^s. = (idc. xMir)* (QDM(Xs, £)|c. xs- ® Oc. xs* (*({0} x Bt))) 

FL^o {n°a+M'^{Z°^))^^^^g, - (idc. xMir)* (QDM(Xs,f)ic^xB* » Oc.xb- (*({0} x S*))) 
and an isomorphism ofTZc-xB-'-fnodules 

(if"+^(l)^„j, ^0/^0 (log D)[zlzd-dF))'^^ = (idc._ xMir)* (QDM(Xs, f )|c. xs*) • 

The following corollary is the promised Hodge theoretic application of the above main theorem. 

Corollary 6.9. There exists a variation of non-commutative pure polarized Hodge structures {J-, Cq, iso, P) 
on KM° (see \KKP08f . UTST^ or iSabllf for the definition) such that 

:F®Oc^^Bt (*({0} X b:)) = (idc, xMir)* (QDM(Xs, f )ic. xs- Oc. xs,- (*({0} x B^))) (57) 

Proof. Using theorem 16.81 this is a direct consequence of |Sai88[ Theoreme 1] and |Sab08[ Corollary 
3.15]. □ 

It would of course be desirable to remove the use of the localization functor — ® Oc-xb* (*({0} x Bl)) 
from the above theorem. We conjecture that the corresponding statement still holds, however, we 
cannot give a complete proof of this for the moment as we are not able to control the Hodge filtration 
on Al^'^(Z^). More precisely, we expect the following to be true. 

Conjecture 6.10. 1. Write F^TL^a+Ad^'^ {Z"^) for the Hodge filtration on the pure Hodge mod- 
ule (see \Sai88l Theoreme 1]) n"a+M''^ {Z^), which has weight m + n + 2c. Let F^[d^^] be 
the saturation of F^ as in the proof of lemma 1 6. 3\ and write G^ for the induced filtration on 
FIjKM°{'H^a+M^'^ (Z^)). Then under the isomorphism of proposition 2., we have that 

Gl(™+„+2c) FLK:Mo(H"t.+A^^^(Z^)) - z' ■ oQMi? 

Notice that the bundle J- which was used in the isomorphism from corollarv \6.9\ is nothing but the 
object G^(„+„+2c) FLk:mo(7^°«+A^^^(Z^)). 
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2. The isomorphism (j57p holds without localization, i.e., there is an isomorphism of TZc^xB* -"modules 



(G?(,„+„+2e)FLK^o(H°a+>(^^(Zi)))^^ - (idc. xMir)* (QDM(Xs, £)|c.xi3.) • 

As a consequence, the reduced quantum V-module underlies a variation of non- commutative Hodge 
structures. 

Remark: The following consideration shows that the last theorem can also be considered as a gen- 
eralization of mirror symmetry for Fano manifolds themselves, as presented in our previous paper (see 
[RSIOI Proposition 4.10]). Namely, let us consider the case where the number c of line bundles on the 
toric variety is zero. Then we have A' = A, and the duality morphism (/) from theorem 15.21 is 

and is induced by right multiplication by dx„ . In particular, the induced morphism (j) is simply the identity 

on M%'-\ In particular, we have that im((^) = M %-^ so that QM^? ^ QMa' and oQMi? = oQMa'- 
On the other hand, the reduced quantum 2?- module QDM(X^, £) is nothing but the quantum P- module 
of the variety X^,, so that we deduce from theorem l6.8l that we have an isomorphism of Pc^ xb* -modules 

xKyM°)|(^ xB* ~ (i^c^ xMir)* (QDM(Xs)|c^ xb* ® Oc^xb* (*({0} x B*))) . 

One easily sees that we have an even more precise statement, namely, the third assertion of theorem 16. 81 
simplifies in this case to an isomorphism of 7?.(c^ xb* -modules 

if"(f^SxK^o/K^o[z],zd-di?)|c.xBj = (idc. xMir)* (QDM(Xs,£:)|c.xBj) • 

This isomorphism is the restriction of the isomorphism in |RS10[ Proposition 4.10] to Gz x B^ (see also 
|Iri09l proposition 4.8]), notice that the neighborhood B^ is called Wq in [RS10| . Hence we see that our 
main theorem 16.81 contains in particular the mirror correspondence for smooth toric nef manifolds, at 
least on the level of 72,c^ xb, -modules. 

One may conclude from the above observation that Landau-Ginzburg models, either affine or compact- 
ified, appear to be the right point of view to study various type of mirror models of (the quantum 
cohomology of) smooth projective manifolds, including Calabi-Yau, Fano and more generally nef ones. 
The recent preprint |GKR12| where varieties of general types and their mirrors are investigated, also 
seem to confirm this observation. It would certainly be fruitful to apply our methods to varieties with 
positive Kodaira dimension to refine the results from loc.cit. 
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